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Abstract—Driven by the demand for massive and accurate
sensing data to achieve wireless network intelligence under
a limited available spectrum, the coexistence between radar
and communication systems has attracted public attention. In
this paper, we investigate a novel dual-functional full-duplex
relay aided radar-communication system where the phased-
array radar is employed at the amplify-and-forward (AF) relay.
A joint transceiver design is proposed to maximize the mini-
mum signal-to-interference-plus-noise ratio (SINR) among all
detection directions at the radar receiver under communication
quality-of-service and total energy constraints. The formulated
optimization problem is particularly challenging due to the
highly nonconvex objective function and constraints. Based on
the problem structure, we equivalently decompose it into the
radar-energy and relay-energy minimization problems under
SINR requirements. To solve the radar-energy minimization
problem, we propose a low-complexity algorithm based on
the alternating direction method of multipliers to optimize
the radar transmit power and receiver. The relay-energy
minimization problem can be simplified into an equivalent
quadratic programming problem by introducing an insightful
unitary matrix. Then, the closed-form expression for the AF
relay beamforming matrix can be derived, which is jointly de-
termined by the channel condition of relay communication and
the detection direction of the radar. After that, we introduce
the overall transceiver design algorithm to the original problem
and discuss its optimality and computational complexity. Sim-
ulation results verify that the proposed algorithm significantly
outperforms other benchmark algorithms.

Index Terms—Spectrum sharing, radar-communication co-
existence, joint transceiver design, full-duplex relay.

I. INTRODUCTION

To improve the communication quality-of-service (QoS),
wireless systems are traditionally designed to pursue a
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high data rate and low latency. However, with the rapid
development of the artificial intelligence technique, network
intelligence has become a new trend of wireless commu-
nications [1]. Collecting massive and accurate sensing data
is necessary to fulfill the goal of network intelligence [2].
Thus, deploying the radar sensing system within wireless
networks has attracted wide public concern. Specifically,
the radar system aims to achieve high location accuracy and
detection capability [3]. However, these requirements would
consume a large amount of bandwidth [31]. Meanwhile,
there will be over 30 billion connected devices in use by
2022, which will cause a shortage of bandwidth to serve all
communication devices. Thus it is desirable to exploit the
bandwidth currently assigned to radar systems. The possi-
bility of spectrum sharing between the communication and
radar systems has recently aroused much research interest

[5].

However, spectrum sharing will bring new problems, i.e.,
the mutual interference when the radar and communication
systems work simultaneously. To avoid interference and
ensure the performance of both systems, the coexistence of
separated radar and communication systems has been inves-
tigated recently [6]-[12]. In [6], a communication-centric
approach was proposed to avoid interference caused by the
radar by projecting the radar signal to the null space of
the interference channel between the radar and base station
(BS). However, it highly affects the performance of the radar
system. To guarantee the signal-to-interference-plus-noise
ratio (SINR) for the radar system, the authors in [7] designed
the transmit covariance matrix of the communication system
by minimizing the effective interference power (EIP) at
the multiple-input multiple-output (MIMO) radar receiver
under the QoS constraint. In [8], the authors developed
a complexity-reduction iterative algorithm to increase the
SINR at the radar receiver in the radar-communication
coexistence system. The work of [9] aimed at maximizing
the communication throughput under the SINR constraint at
the radar receiver in a multi-carrier coexistence system. The
minimization of transmit power and interference from the
BS to radar was studied in [10] for the coexistence of radar
and multi-user communication systems. In [11], the authors
focused on the imperfect channel state information (CSI)
and developed a robust MIMO beamforming algorithm to



IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. X, OCTOBER 2022 2

maximize the radar detection probability. Both the max-min
and weighted-sum criteria were considered in [12] to solve
the problem of timing uncertainty caused by the uncertain
target locations.

In addition to the coexistence of the separated radar and
communications systems, there is another scheme, namely,
the dual-functional radar-communication (DFRC) system
[13], where the radar and BS share the same radio fre-
quency (RF) hardware equipment. Compared with separated
systems, DFRC systems can save the hardware overhead
while making full use of bandwidth. Most recent studies
about DFRC systems focus on the design of transceiver
and waveform [14]-[18]. In [14], the authors introduced the
estimation rate for radar, namely, the minimum number of
bits required to encode the Kalman residual. They derived
a performance bound for the DFRC system. The authors
of [15] studied a multi-user DFRC system and designed a
transmit waveform for the radar function while guarantee-
ing the downlink communication performance. They also
verified the performance advantage of the DFRC system
over the conventional separated deployment. In [16], the
tradeoff between the radar and communication performance
under the power constraint was investigated for the multi-
user DFRC system. The authors of [17] developed a multi-
user interference mitigation algorithm to solve the issue of
high peak average power ratio (PAPR) in the DFRC system.
Moreover, a novel transceiver architecture for joint target
search and channel estimation was proposed in [18] for the
DFRC system.

The aforementioned studies only investigate the coex-
istence between the radar and BS. On the other hand,
future communications may suffer from severe pathloss
due to the use of high-frequency bands. To overcome this
problem, relay station has been widely developed to improve
communication performance [19]. Hence, the study of relay
assisted communications is of great importance. Traditional
relaying schemes, such as amplify-and-forward (AF) [20],
[21] and decode-and-forward (DF) [22] protocols, operate
in half-duplex (HD) mode, which requires separate time
or frequency resources for transmission and reception. By
contrast, a full-duplex (FD) relay can potentially double the
system capacity by supporting simultaneous transmission
and reception [23]-[26]. The work of [23] proposed a low-
complexity joint precoding/decoding scheme in a single-
stream FD MIMO AF relay system. In [24], source-relay
precoding methods for achieving rate maximization were
jointly investigated in FD MIMO relaying systems with the
assumption of no residual self-interference (SI). Further-
more, the authors in [25] considered the relay processing
delay and developed a penalty-based algorithmic framework
by joint source transmit beamforming and relay processing.
Besides, the millimeter wave (mmWave) FD MIMO relay
system was considered in [26], and a robust algorithm was
proposed to deal with the CSI error by jointly designing
hybrid beamforming matrices. In [27], a joint beamforming,
positioning, and power control scheme for a mmWave FD

UAV relay was proposed to maximize the achievable rate.

To the best of our knowledge, the integration of radar and
relay communication systems has not been well investigated
in the literature. The integration of radar and relay can save
the hardware overhead while making full use of bandwidth.
Meanwhile, the existing solutions for the integration of
radar and BS cannot be directly applied since the relay
communication system is different from the BS communi-
cation system. Furthermore, implementing a dual-functional
relay is more practical and easier than implementing a dual-
functional BS since the former one does not need to modify
the existing communication protocol and architecture while
the latter one requires a lot of modifications to the current
standards and would bring a high cost. Therefore, in this
work, we investigate a novel dual-functional FD relay aided
radar-communication system, where the phased-array radar
and the AF relay share the same RF hardware and frequency
bandwidth for reducing the overhead. Our goal is to max-
imize the minimum SINR at the radar receiver among all
detection directions. The main challenge here is the mutual
interference between the radar and relay communications,
which may seriously affect the performance. To mitigate it,
we jointly design the transceiver of both radar and relay.
Further, the SINR at the radar receiver can be improved
while satisfying the requirements of communication QoS
and total energy.

The main contributions of this paper are summarized as
follows.

o The integration of the radar system and relay com-
munication is studied for the first time. Specifically,
we propose a dual-functional FD relay aided radar-
communication system and formulate a joint transceiv-
er design problem for maximizing the minimum SINR
at the radar receiver among all detection directions un-
der the constraints of total energy and communication
QoS.

o The formulated problem is very challenging to tackle
directly. Based on the special problem structure, we
equivalently decompose it into two kinds of subprob-
lems that are more tractable, i.e., the relay-energy and
radar-energy minimization problems.

o A joint transceiver design algorithm is proposed based
on solving the resultant subproblems. Specifically, we
develop a low-complexity algorithm based on the al-
ternating direction method of multipliers (ADMM) for
optimizing the transmit power and receiver for radar
function to minimize the radar energy and derive a
closed-form solution of the AF beamforming matrix
to the relay-energy minimization problem.

« We analyze the optimality and computational complex-
ity of the proposed algorithm. Our simulation results
demonstrate the performance advantages of the pro-
posed algorithm over other benchmark designs.

The rest of the paper is organized as follows. Section II
introduces the system model and mathematically formulates
the problem of interest. In Section III, the investigated



IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. X, OCTOBER 2022 3

N

T(Gk)
a(gk)

Reldy & Rd:dr\

Ongmatmb device

(.-.,

“Destination device

(a) System scenario.

AR

Transmit and receive antennas

Baseband

¢ | beamforming | i Wil
< | matrix W
Relay VRat (01)s),
L -
¢+ | Receive Transmit | 3
| filter e, power pj | ¢
L] —

Radar
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Fig. 1. Dual-functional FD relay aided radar-communication system.
Each RF chain can be implemented with a high-precision digital-to-analog
converter (or analog-to-digital converter), a digital up converter (or digital
down converter), and a power amplifier with a broad linear range [28],
[29].

problem is equivalently decomposed into more tractable
subproblems. In Section IV, we introduce the proposed
joint transceiver design algorithm by solving the resultant
subproblems. The simulation results are shown in Section
V, and Section VI concludes the paper.

Notations: In this paper, scalars, vectors, and matrices are
denoted by lower case, boldface lower case, and boldface
upper case letters, respectively. I represents an identity
matrix and O denotes an all-zero vector. (-)*, (-)7, and
()" denote complex conjugate, transpose, and Hermitian
transpose, respectively. For a matrix A, ||A|| denotes its
Frobenius norm. For a square matrix A, tr(A) denotes its
trace. For a vector a, ||al|| represents its Euclidean norm.
C™*™ denotes the space of m x n complex matrices.

II. SYSTEM MODEL AND PROBLEM FORMULATION

As depicted in Fig. 1, we consider a dual-functional FD
relay aided radar-communication system, where an FD AF
MIMO relay and a phased-array radar share a common
uniform linear array (ULA) with M transmit and M receive
antennas, respectively. Both relay and radar transmit on the
same frequency band. In the system, the relay forwards the
communication signal from the originating device to the
destination device. For simplicity, we assume that devices
are equipped with a single antenna'.

Thus, the transmit and received signals at the common
ULA are dual-functional. Meanwhile, as shown in Fig. 2,

'In order to focus on our study, we consider a typical case of single-
antenna devices, whereas the results in this paper can be extended to the
general setup of multi-antenna devices, which is left for future work.
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Fig. 2. Dual-functional transmit and received signals at the common ULA.

the phased-array radar detects the targets in K directions
successively within a detection period. Denote L as the pulse
repetition interval (PRI), which is the transmit-receive cycle
for one detection direction.2 Thus, the duration of a detection
period is K L. The baseband beamforming matrix of the
relay, denoted by W, € CMxM the receive filter of the
radar, denoted by u;, € CM*!, and the transmit power of the
radar, denoted by pj, all vary with the detection direction.

A. Radar and Relay Communication Models

For radar function, let 6, denote the k-th detection di-
rection, k € K 2 {1,..., K}. As shown in Fig. 2, during
the detection process for direction 6, the time index 0, i.e.,
I =0, is utilized for transmitting the probing pulse and the
remaining time indices, denoted by L = {1,2,--- /L — 1},
are employed for waiting and detecting the echo [30]. Based
on this, we can analyze the following two cases.

1) When time index [ = 0, there is no echo and the
received signal at the common ULA only contains the

transmit signal from the originating device®, denoted by
x¢[l], which is given by
yill] = ha[l] +n[l], 1=0, (D

where h € CM*! is the channel vector between the

originating device and the relay and nl] ~ CN (0,021) is
the complex circular Gaussian noise vector with zero mean
and covariance E {n[lJnf[l]} = 021, including the residual
SI and the additive white Gaussian noise.

As for the transmit signal, the probing pulse of the radar
towards the detection direction 6, is \/7 a*(0)sh., where

1ej2ﬁAsin(9) L 2 (M- 1)Asm(9)
b

a(9):ﬁ[, €

CM>1 with )\, being the wavelength and A being the

, €

2To detect all targets of interest, L should be long enough [31]. Suppose
there is a target located beyond the maximum distance. In that case, the
corresponding echo can be modeled as noise since it is too far and the
power of the echo is too low to be neglected.

3We consider a wireless cellular system in this paper, where the relay
is the control center and all devices in the system are time-synchronized.
This can be achieved by GNSS-based time synchronization using standard
GPS service [32].

4The SI can be canceled with certain interference cancellation techniques
[33]-[35]. According to [36], the power of the residual SI at the relay and
radar approaches that of the additive white noise and can be modeled as
complex circular Gaussian noise [37], [38] since the CSI of the SI link can
be obtained, as well as the relay and radar share the same hardware and
information. Note that the same assumption has been widely adopted in
several other related works, such as [39].
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antenna spacing, and sj, is the transmit radar symbol with
E {s;(sp)"} 1. Without loss of generality, we set
A = )\, /2. Thus, the dual-functional transmit signal at the
common ULA can be expressed as

x[l] = Wi, (had[l] 1)) ++/pha*(0r)sh, 1=0. (2)

communication signal probing pulse

Let g € CM*1 denote the channel vector between the
destination device and the relay. Then, the received signal
at the destination device is given by

vill) =g™ (W (ha[l] + n[l) + \/ppa* (61)s7)
+nell], l—o, (3)

where n°[l] ~ CN (0,0?) is the circular Gaussian noise

with zero mean and variance of o2.

2) For time index [ € L, the transmit probing pulse is
reflected by the potential target back to the radar along with
the detection direction 6. We assume that there is a potential
target echo that arrives at the common ULA at each time
index [ € L since we have no prior knowledge about the
target. In addition, it is also reflected by other obstacles
in the surrounding environment. Without loss of generality,
we assume that the radar has prior knowledge about the
surrounding environment, which can be obtained by early
detection. The potential echo signal at the receiver at time
index [ is given by

=/Prarlla(0x)a” (0x)a* (01) s, +/ppAllla* (0x)s

target echo
=\/D ak Gk Sk+\/ A

where «[l] represents the complex path loss including
propagation loss and reflection coefficient along with the
detection direction 6, at the time index ! and A[l] =

I
(9[71‘) S

L
> rillla(0y:)a”
i=1
channel matrix of I; non-target obstacles with ;[I] being
the path loss and 6;; being the angle. Note that ay[l] is
determined by its time index / and can be estimated with an
empirical model.

non-target echo

“(Or)sh, LeL, (4)

CMxM denotes the corresponding

Considering the transmit signal from the originating de-
vice, the overall received signal at the common ULA is

=hx{|l —|—\Fak
+ /PrAllla*(0k)s), + nll],

The corresponding dual-functional transmit signal at the
common ULA is

x[l] = Wiy, [ll,

It contains the potential target echo near the common ULA,
which interferes with the communication signal seriously.
Hence, to guarantee the communication QoS, we force
W, to lie in the null space of a(fy), ie., Wra(fy) =
0,Vk. This assumption also helps us gain more insights
on the design of relay beamforming. Moreover, constraint

gk Sk
leLl. (5

lel. (6)

Wia(0)) = 0,Yk does not need perfect CSI and thus can
be achieved easily in practice.

Then, the dual-functional transmit signal can be rewritten
as

[l] W k (hﬂ} k + \/ P A
Therefore, the received signal at the destination device is

yell] =g" Wy (hap[l] + \/PLA[lla* (0r) s, + n[l])
+nl], leL. ®)

a*(Oy)sp+n[l]) ,l L. (7)

Combining the above two cases, we can conclude that the
total received signal at the common ULA is

hxk[l] n[l], =0,
yill] =< ha[l] + \/>ak a(0y)s), 9)
+/opAllla*(0k)sy, +n[l], leL,

the corresponding dual-functional transmit signal at the
common ULA is

Wi (hag[l] + nll])

_ + \/ﬁa*(ek)srv l= 0,
2l = W (hagfl] + mf (10)
+ Wi/DEAlla* (0,)s5, 1€L,

and the total received signal at the destination device is

g "W, (hag[l] J(ren)[l]) +ne[l]
c + V pTQ a* Sks =0,
tg W;m/ A *(O)sh, €L,

B. Energy Consumption and SINR

Based on the above analysis, the energy consumption of
the radar function and the relay communication function for
the direction 6 can be given by

Elz :p27 (12)
Ef =Lp° [|Whl|]” + Lo® ||[W ||
‘a * 2
+ 05 YW Allla” (6,
leL
=Lp° [|[Wih||* + Lo® ||W ||
+ it (WkPkW,?) , (13)
. é * T H
respectively, where P = > A[lla*(0r)a’ (6;)A[l]
leL
is a Hermitian matrix, i.e., PkH = Py, and p¢ =

E {x{[l]*z¢[l]}. Equation (12) is given based on the fact
that the radar only transmits pulse at time index [ = 0 for
direction 6.

For the radar function, the received signal is first operated
by the receive filter ug, which can suppress the interference
from the communication signal. Then, the processed signal
is utilized for target detection. At time index [ for direction
0y, the target detection process can be described as a binary
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hypothesis testing problem, which is given by

Ho o wy, (hafl] + \/>A *(0k)sy, + nll]),
Hl LUk (\/70% Hk Sk + hxk[l] (14)
+v/PrAllla* (0k)s}, +n[l]) .

According to [8], we can adopt the minimum SINR at the
radar receiver among all time indices ! € LL to represent the
radar detection performance for the direction 6y, which is
2
i |uf arllla(6r))|

given by
min{ 5 5 2}. (15)
Yl \pp, [ui! Allla* (Ok) | +p° [uf A +0? [Juy]|

SINR}, =

As for the relay communication function, the average
SINR of the received signal yi[l] for the direction 6 is
given by

SINR}, =

Lp° ‘gHth’2

vi (l9"a (00)*+g" Wi PLW ! g) + Lo?|lg" Wl [*+ Lo®

(16)

C. Problem Formulation

In this work, we aim to maximize the minimum SINR at
the radar receiver among all directions under the constraints
of relay communication QoS and total energy within a
detection period to improve the overall detection perfor-
mance of the radar function. Therefore, the problem can
be mathematically formulated as

max min {SINR} } , (17a)
{kaukyp};} k g
St SINRS > ~°, Vk, (17b)
Wka(ﬂk) = O,Vk, (170)
K
> (Ei+EBp) < B, (17d)
k=1

where the constraint (17b) ensures the communication per-
formance, constraint (17c) avoids the potential interference
caused by the target echo signal from the radar, and con-
straint (17d) limits the total transmit energy consumption.
In the above, v¢ > 0 denotes the communication SINR
requirement and E" is the total transmit energy budget.
Note that the interference from the destination device and
non-target echo would have different effects on the radar
performance with different detection directions. Thus, to
improve the overall radar detection performance, we need
to couple all K directions together by giving a total energy
limitation instead of independent power constraints. For
practical consideration, we normalize the optimal receiver
vector after solving problem (17), and thus there is no power
constraint for wuy,.

It can be observed that problem (17) is very challenging.
In the following section, we will equivalently decompose it

into two more tractable subproblems and develop effective
algorithms to solve them, respectively.

III. PROBLEM DECOMPOSITION

To tackle the highly nonlinear objective function of prob-
lem (17), we first analyze the relationship between the total
energy budget £* and the optimal objective value, denoted
by +™*, as shown in the following lemma.

Lemma 1: ™* is monotonically non-decreasing with E"
(E* > 0).

Proof: As E" increases, the feasible set becomes larger.
Thus, the optimal objective value would not decrease with
E*, which ends the proof. |

Based on Lemma 1, we can consider a dual problem
that minimizes the total transmit energy with a given SINR
requirement at the radar receiver, denoted by ~", as

K
min (Ep +EL), (18a)
{Weuep} ;
s.t. SINR;, > ", Vk, (18b)

(17b) and (17¢).

Let E*(y") denote the optimal objective value of problem
(18) when the SINR requirement at the radar receiver is
~". Then, by exhaustively searching on ", we can find
~"* that satisfies E*(y™*) = E“, which is the optimal
objective value of problem (17) based on Lemma 1. Also,
the corresponding solution to the problem (18) is the optimal
solution to problem (17).

To proceed, we focus on problem (18) and decouple it
into K independent problems for K directions, which can
be solved in parallel. Each problem is given by

Py + Lp® [|Wih|[® + Lo? ||[W|°

+pltr (WkPkaH), (19a)
la* (6y)|”
+ 0 |ul B+ 0 (| ) > 4" Vi €L, (19b)
Lp° |g" W A /(pi\g a’(61,)|”
+ 9 g "W PW g+ Lo? ||g" Wi ||”
+ ng) >~
Wka(ék) =0.

s.t. pzyufak[la (0r) ‘2/(p2‘u,€HA

(19¢)
(19d)

The objective function of the problem (19) contains the
energy of both the radar function and relay communication
function. The optimization variables can also be divided into
two parts, i.e., uj and pj, for the radar function and W, for
the relay communication function. Therefore, we can further
equivalently decompose this problem into two subproblems.
First, we solve the radar-energy minimization problem by
optimizing uy, and pj,, as
min

20
{Ur,p}} 20

T
pk,a
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st. (19b).

After obtaining the optimal solution to problem (20), de-
noted by w} and p;*, we then solve the relay-energy
minimization problem with p}, = p;’*, as

Lp® ||Wch|[* +Lo® [ W[

W

+ it (WkPkaH> , Q1)

s.t. (19¢) and (19d).

We denote the optimal solution to (21) by W}. By analyzing
the intrinsic relations between the problem (19) and these
two subproblems, we have the following theorem.

Theorem 1: The solution {u},p;”™, Wi} obtained from
problems (20) and (21) is the optimal solution to problem
(19).

Proof: Please refer to Appendix A. ]

Remark 1: In constraint (19b), the interference to the radar
caused by the relay communication is p° lukH h 2, which
is a constant. Therefore, we can first consider the radar-
energy minimization problem and find the optimal solution
{uz,pz*} Moreover, the interference to the relay com-
munication caused by the radar includes pj, [g”a (Hk)lg
and pkgHWkPka g in constraint (19¢). To reduce the
interference, pj, should be minimized, which is also the
objective function of the radar-energy minimization prob-
lem. Hence, p}, should be equivalent to p,”™ in the relay-
energy minimization problem. After solving two problems
successively, the optimal solution to problem (19) can be
obtained as shown in Theorem 1. In a nutshell, we can obtain
the optimal solution to problem (18) by respectively solving
the radar-energy and relay-energy minimization problems
for each detection direction.

IV. JOINT TRANSCEIVER DESIGN

In this section, we propose the joint transceiver de-
sign algorithm by solving the resultant radar-energy and
relay-energy minimization problems. Then, we analyze the
optimality and computational complexity of the proposed
algorithm.

A. Radar-Energy Minimization

To solve the radar-energy minimization problem shown
in (20), we first equivalently transform it into an easier
handling form. Let us introduce the followmg lemma.

a 2° |ullh” 4+ o

Lemma 2: By introducing xj =

P,

problem (20) is equivalent to the following convex problem
in the sense that the optimal solutions of u;, and pj, for the
two problems are identical

) s ||’ukl|

min i 22a
{Wr,xr} P = Xk (222)
st ufa(fy) =1, (22b)

|ukHAk[l]a*(9k)|2 +

Jeve [1]|*
R < 2 V€ L.(22¢)
g

Proof: Please refer to Appendix B. [ ]

Based on Lemma 2, although the interior point method,
e.g., CVX [40], can be utilized to solve problem (22), it
requires high computational complexity due to the multiple
large-dimensional constraints in (22c¢). To this end, in this
section, we develop a low-complexity algorithm based on
the ADMM optimization framework.

We note that the variables uj and y appear in a number
of different constraints in (22c¢). Therefore, in order to
perform the ADMM method [41]-[43], we introduce the
auxiliary variables u; and Xy, V] € L, which meet the
following linearly coupled equality (LCE) constraints

Uk, = Uk, Xki1=Xk VI€L. (23)
Then, constraint (22c) can be expressed as
2 anll]?
‘uklAk Gk)l + Xkt < | ’;[r]' , VieL. (24

Therefore, problem (22) can be equivalently converted into

p° |u’k h| + 0? Hukll

min (25)
{Ur,xk, Uk, 1, Xk} Xk
s.t. (22b), (23), and (24).

By dualizing and penalizing the LCE constraints into the
objective function with Lagrange multipliers: Ay ; and v,
we can obtain the following augmented Lagrangian (AL)
problem

min Ly (Zy, Lyy Mgeiy Vit)
{Wr, x5, Uk, 1,Xk,1 }
2
P [uflh|” + o2 [Jug|?
Xk

P
5

lell

P
5
lel.
s, (22b) and (24),

2

N 1
UL — Uk, + — A
p

2
; (26)

R 1
Xk — Xk, + —Vk,1
p

where p is the penalty parameter. Then, the variables can
be divided into two blocks: Z1 = {uk,xx} and Zg =
{1, Xx,1 }. With fixing Z, the problem in the first block
is given by

min L, (Z1,Za; Xk, Vi) 27)
{Z+}
st (22b).

Similarly, with fixing Z, the problem in the second block
is given by
min L, (Z1,Z2; Xki, Vi)
min 0 (Z1,Zo; Xi 1, Vi 1)
st.  (24).

(28)
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Algorithm 1: Low-Complexity ADMM-Based Algorith-
m.

1 Initialize all the primal variables Z; and Zs, the AL
multipliers Ay ;, v ;. Set the tolerance of accuracy
€ > 0, the penalty parameter p > 0, the current
iteration number 7 = 0, and the maximum iteration
number I, ax;
repeat
Update the variables Z; by solving problem (27);
Update the variables Z, by solving problem (28);
Update the multipliers A ; and vy ; according to
(29) and (30);
1=1i4+1
7 until The stop criterion is met or ¢ > Ij .

wm s W N

=)

The details of the proposed ADMM-based algorithm are
presented in Algorithm 1. In each iteration, we first need to
solve the above two problems via the Lagrange multiplier
method, whose detailed derivation is provided in Appendix
C. After that, we need to update the dual variables as

N =ML+ o (ug — gy) VI EL, (29)
Vit = vy +p (Xk — Rka) , VI € L. (30)

According to [41], the ADMM-based algorithm con-
verges to the optimal solution to the radar-energy mini-
mization problem. Besides, it requires a low computational
complexity since the problem of the second block can
be decomposed into several subproblems, which can be
solved in parallel. Regarding problem (27), we need to
obtain the closed-form solution with multiplications O (M)
times and the bisection sefrch can be utilized. The num-
ber of iterations is log, 20 where I is the initialized

interval length and € is the tolerance of accuracy. Thus,
the computational complexity of solving problem (27) is

I
@ (M + log, = Similarly, the computational complex-
€

ity of solving problem (28) is O ( LM | M + logzj—e0 )
Therefore, the overall computational complexity of Algo-
rithm 1 is O | Iyax LM M—Hog2% , where I.x 1S
the maximum iteration number of Algorithm 1.

Different from the ADMM-based algorithm, the compu-
tational complexity of using the interior point method is
dominated by the second-order cone (SOC) constraints. In
problem (22), there are (L — 1) SOC constraints with di-
mension M. Therefore, according to [44], the computational

complexity is O (Iimer (nimer\/ 2L (M 2L +n?

mter))), where
Ninter = O (LM) and iy denotes the number of iterations.
By comparing the computational complexity between two
algorithms, we can find that the proposed ADMM-based

algorithm exhibits a much lower computational complexity.

B. Relay-Energy Minimization

The relay-energy minimization problem is difficult to
solve directly. By analyzing the structure of this problem,
we find that there are three key vectors, i.e., h, a(0;), and
g. The first two vectors are related to the received signal.
Therefore, with the Gram-Schmidt orthogonalization [45],
we can utilize h and a(fy) to construct a unitary matrix

Q.= [q,c)l,q,€727 e ,qk7M}, which satisfies
h a(0x) — (qf1a(0r)) gy,
qk,l = Wv qk,Z = - )
a6 — (af!,al60)a, |

1, m=y,
LT T ={ o m] (31)
Then, we can define an auxiliary variable, Zj E
QIW Qi = [Zk1,2Zk2, 2k 0], Which is the beam-

forming matrix under the orthogonal basis Q.. Here 2y, ,,, €
CMx1 denotes the m-th column vector in matrix Z for
m € {1,...,M}. Thus, we have W}, = Q, Z, Q¥ and the
relay-energy minimization problem (21) can be rewritten as

M
min  Lp® [|h||* ||zx1|[*+Lo? Y [|zkml?
{Zem} m=1
M M
R D Ak Prar 2z, (32a)
i=1 j=1
2 M 2
st <p2 l9"a*(0)|” + Lo® > 9" Qpzk.m|
m=1
M M
+p2ZquH,iquk,jzngnggHkakJ
i=1 j=1
c 2
+Lo%) < Lp°||h|]* |g" Quzia| . (32b)
QkH,2a(9k)zk,2 + qﬁla(ﬁk)zk,l =0, (32¢)

where constraint (32c) is transformed from (17¢). Then, by
analyzing problem (32), we have the following theorem.
Theorem 2: The optimal solution to problem (32) satisfies

Ziam = Brm @k g, Y. (33)
Moreover, the corresponding W, is given by
Wi =g[Be1 Brz - BeamlQF- (34)

Proof: Please refer to Appendix D. [ ]
Remark 2: To obtain the optimal solution, we first con-
struct a unitary matrix @, which is mainly obtained based
on two vectors, h and a(fy). Note that the former is the

Transformation
of coordinates

— 29
Qs

Fig. 3. Transformation of coordinates.
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channel vector between the originating device and the relay
while the latter is the detection direction vector. Hence, Q;,
is jointly determined by both radar and relay. Then, via the
transformation of coordinates with the orthogonal basis @,
we can see that each column of the beamforming matrix
should be parallel to QkH g under the orthogonal basis Q)
as shown in Fig. 3. As a result, the beamforming matrix is
jointly determined by the communication channel vectors,
h and g, and the detection direction 6.

With Theorem 2, the relay-energy minimization problem
can be simplified as

M
2
min||Qf'g]| (ch [B]* Bkal? + Lo? 3 1Bl
k,m m=1

M M

+ 0k DD akiPra B B |

i=1 j=1

(35a)
2
D ’gHa*(Hk)’ +Lo?
1
|@ta|

M M
+op Y al i Pray ;i Br B

i=1 j=1

M
+ LUQZ |ﬂkm|2> 2 '707
m=1

st Lpc||h|]?Bral?/

(35b)

qlgza(ak)ﬁk,z + qﬁla(ek)ﬂk,l =0.

By defining n A Prm

(35¢)

,Vm, we can further simplify the

E,1
problem as shown in the following lemma.
Lemma 3: The relay-energy minimization problem is
equal to

M M M
min Lo® > [eml+05 > D af i Pray i jin.i> (36)
{1 m m=1 i=1 j=1
H
ay,,1a(0k)
where ;1 =1 and g o = ——F——+—.
' q£2a(9k)
Proof: Please refer to Appendix E. ]

The above problem is a typical quadratic programming
(QP) problem [46] and can be solved by the Lagrange
method. Then, the optimal solution is shown in the following
theorem.

Theorem 3: Let 7y .. denote the optimal solution to
problem (36) and then it is given as

] == s mea pRQEPAQL)

-1
Lo’ T+ |piQE P 7
x ( ol |:kak ka] 3:M,3:J\l> ’ (3 )

where the operator [-],,,:ms,ms:m, represents that extracting
the mq-th to mo-th rows and the mgs-th to mg4-th columns
of the matrix to form a new matrix.
Proof: Please refer to Appendix F. ]
Remark 3: Based on Theorem 3, we can find that 7y, ,,, is

Algorithm 2: Joint Transceiver Design Algorithm for
Solving Problem (17).

1 Initialize the maximal error tolerance € > 0 and the
range for the SINR at the radar receiver
Y = 0,7 = Vimaxs

2 repeat

Let 7" = (v +72)/2;
Obtain E}, uy, and p; by utilizing Algorithm 1,
Vk e K;

5 Obtain Ej; and W, according to Theorems 2 and
3, Vk e K

6 | if i, Ep+ E{ > E then

7| =T

8 else

9 ‘ fyz = ,YT;

10 end

—
—

until [, B + By - BY| <

mainly determined by the radar echo signals. Specifically,
Mk,2 1s designed in relation to the detection direction 8y to
avoid the interference caused by the target echo signal. 7,
m € {3,---, M} is designed to suppress the interference
caused by the non-target echo signal.

Based on Theorem 3, we can obtain the minimum relay
energy according to (56) and the corresponding beamform-
ing matrix according to Theorem 2.

C. Overall Transceiver Design Algorithm

After solving problem (18), we can employ a bisection
search method to obtain the optimal solution to the original
problem (17) as we have mentioned before. To perform the
bisection search method, we provide the range of the SINR
at the radar receiver in the following lemma.

Lemma 4: The upper bound of the SINR at the radar
receiver is given by

K
V" L Ve = B* (Z |ak|‘2> /o, (38)
k=1
where |ay| = I}li£1|ak[l]|.
€
Proof: Please refer to Appendix G. [ ]

Then, the overall joint transceiver design algorithm to ob-
tain the optimal SINR ~"* is shown in Algorithm 2. In this
algorithm, the number of iterations for the bisection search

'
is logy Tmax 1 each iteration, we need to solve the relay-

energy and the radar-energy minimization problems for K
detection directions, which can be performed in parallel.
The computational complexity for solving the relay-energy

minimization problem is O ( Iy LM ( M +1log, — ) | as
€

mentioned before. The computational complexity for solving
the relay-energy minimization problem is O (M?®) due to the
matrix inversion operation for obtaining the optimal 7} ,, in
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Theorem 3. Therefore, the overall computational complexity
of Algorithm 2 is

0 <(log2 7“:”‘) K (ImaxLM (M +log, 20 > n M3)>

Then, we have the following theorem to ensure the optimal-
ity of the proposed algorithm.

Theorem 4: The proposed Algorithm 2 is guaranteed to
converge to the optimal solution to problem (17).

Proof: Based on Lemma 1, we can see that the opti-
mal solution to problem (17) can be obtained by utilizing
the search method with solving problem (18). Moreover,
problem (18) can be decoupled into K independent sub-
problems for K directions and the optimal solution to each
subproblem can be obtained by solving the radar-energy and
relay-energy minimization problems as shown in Theorem
1. Therefore, we can conclude that the proposed Algorithm
2 can converge to the optimal solution to the problem (17).
The proof is thus completed. ]

V. SIMULATION RESULTS

In this section, we show the performance of the proposed
joint transceiver design algorithm for the dual-functional FD
relay aided radar-communication system.

A. Simulation Setup

The simulation settings are summarized as follows unless
otherwise specified. The dual-functional relay is equipped
with 12 transmit antennas and 12 receive antennas. The
center frequency considered in the simulation is 2.4 GHz,
the bandwidth is set as 1 MHz, and the noise power is set as
—100 dBm. For the radar function, We detect 12 directions

=l ., and the PRI is 12.
The directions of arrival patq1 of the reflecting echo caused
by the non-target objects are randomly generated in [0, 27).
As for the path-loss, we model it as: 28.0 + 22.0log,y d +
201og((fc), where d is the distance in meter and f. is the
center frequency in GHz. The radar-cross-section is set as
1. For the relay communication function, according to [47],
the small-scale fading is modeled as h = Zz 1 a,a(f,),
where L,, = 4 is the number of dlstmgulshable paths ap 18

within one period, i.e., 0,

the complex gain of the [,-th path, and 6;, € {—g, —% is
[1B]1*
o2
as 30 dB. The transmit power of the originating device is
set as 20 dBm and the relay SINR requirement is set as 15
dB. The total energy for the radar and relay communication
is set as p“ K L, where p* = 3 W denotes the average power
over a detection period. All algorithms are implemented on a
desktop Intel (i7-8700) CPU running at 3.2GHz with 16GB
RAM. Note that our proposed algorithm can also show high
performance under other simulation parameters.

the azimuth angle of arrival (AoA). The ratio is set

B. Algorithm Investigation

We first pay attention to the proposed ADMM-based
algorithm (Algorithm 1) for the radar-energy minimization

(a) (c)

10"

25 100 10°

Primal residual
=)
o

Dual residual
=)
S

& 108 108

05 \ 10 1074

0
0 50 100 150 200 0
Number of iterations

50 100 150 200 0
Number of iterations

Fig. 4. Convergence behavior of the proposed ADMM-based algorithm.

50 100 150 200
Number of iterations

%108

I Radar energy
[ Interference power

Radar energy (J)
Interference power (W)

0, 0, 1)3 A 05 (}6 0, I)B

The detection direction

()9 ”10 014 040

Fig. 5. The energy allocation and the interference caused by the relay
communication for each detection direction.

problem. Fig. 4 shows the convergence behavior of the
proposed ADMM-based algorithm when the SINR require-
ment at the radar receiver is 1 dB. It is observed that the
proposed algorithm can converge to the optimal solution
monotonically within 50 iterations. Besides, both values of
the primal residual and dual residual [41] almost decrease
with the number of iterations, which further verifies the con-
vergence. Moreover, we also compare the CPU running time
and the minimum radar energy of the proposed ADMM-
based algorithm with those of the interior point method,
i.e., the CVX solver, under different time slot lengths. The
results are shown in Table I and Table II, respectively. We
can observe that the running time of the proposed ADMM-
based algorithm only costs around a tenth of that of the CVX
solver while the minimum radar energy of these two meth-
ods is almost identical. The results show that the proposed
Algorithm 1 achieves almost the same performance as the
CVX solver with much reduced computational complexity.

We also investigate the relation between the energy al-
location for each detection direction and the interference
caused by the relay communication. The results are shown
in Fig. 5. We can see that the allocated radar energy for each
direction is proportional to the interference from the relay
communication. Furthermore, in the simulation, the SINR
at the radar receiver is 13.8 dB for all detection directions,
i.e.,, SINR}, = 13.8 dB, Vk. It is because that we aim to
maximize the minimum SINR among all directions, and the
maximum value occurs when all SINRs are equivalent.
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TABLE I
RUNNING TIME COMPARISON.

The time slot length, L \ 4 8 \ 10 \ 12 \ 14
The CVX solver (s) 0.3425 | 0.3671 | 0.4520 | 0.5845 | 0.6637 | 0.7357
The proposed algorithm (s) | 0.0377 | 0.0380 | 0.0412 | 0.0487 | 0.0620 | 0.0681

TABLE II

MINIMUM RADAR ENERGY COMPARISON.

The time slot length, L \ 4 \ \ 8 \ 10 \ 12 \ 14
The CVX solver (J) 0.0118 | 0.0363 | 0.0760 | 0.2126 | 0.2384 | 0.3091
The proposed algorithm (J) | 0.0118 | 0.0363 | 0.0760 | 0.2127 | 0.2385 | 0.3093

o

=

-

5

g

&

k=

g

i1

% 13 [|=@=Proposed

o = = Radar-centric

E Communication-centric

@ —— MMSE

10 . : . .
6 8 10 12 14 16
Communication SINR requirement, ¢ (dB)

Fig. 6. The SINR at the radar receiver vs. the communication SINR
requirement.

C. Performance Comparison

To verify the effectiveness of the proposed algorithm, we
compare it with the following benchmark algorithms.

e Radar-centric algorithm [5]. The filter vector ug and
transmit power p; for the radar are obtained by solv-
ing the radar-energy minimization problem. The relay
beamforming matrix Wy, is obtained without the con-
sideration of interference from the radar, that is, pj, is
set as zero in problem (21).

o Communication-centric algorithm [5]. We adopt the
zero-forcing (ZF) filter for the radar receiver without
the consideration of interference from the destination
device and the transmit power pj, is minimized to meet
constraint (19b). The relay beamforming matrix Wy
is obtained via solving the relay-energy minimization
problem.

e MMSE algorithm [48]. The minimum mean-squared-
error (MMSE) transceiver design is adopted.

Fig. 6 shows the SINR at the radar receiver versus
the communication SINR requirement. Firstly, it is readily
seen that our proposed algorithm provides the best SINR
performance at the radar receiver among all algorithms.
Secondly, the SINR at the radar receiver decreases with
the communication SINR requirement since more energy
is allocated to the relay to meet the communication re-
quirement. Particularly, the performance gap between the
proposed algorithm and the radar-centric algorithm (or the
MMSE algorithm) also increases with the communication
SINR requirement. It is because that when the communica-
tion SINR requirement is low, the energy allocated to the
relay is small, and thus, the impact of optimized design on
beamforming is also low. As the value of the communication

20

(dB)

174
[

~T
i

=@-Proposed
8 |- | =k = Radar-centric
Communication-centric

——MMSE

SINR at the radar receiver,

5 " " " .
16 17 18 19 20 21 22 23 24
Transmit power of the originating device, p° (dBm)

Fig. 7. The SINR at the radar receiver vs. the transmit power of the
originating device.

requirement increases, more energy should be allocated to
the relay, thus increasing the performance gap. Thirdly,
the radar-centric algorithm shows the best performance and
the MMSE algorithm shows the second best performance
among the three benchmark algorithms. The reason is that
we aim to maximize the radar performance in this paper. The
radar-centric algorithm gives the optimal radar transceiver
design, and the MMSE algorithm gives the suboptimal radar
transceiver design.

Fig. 7 shows the SINR at the radar versus the transmit
power of the originating device. From the figure, as the
transmit power increases, the SINRs at the radar receiver of
the proposed, radar-centric, and MMSE algorithms increase
while that of the relay-centric algorithm decreases. The
reason can be explained as follows. There are two effects
caused by the increase of transmit power on the originating
device: 1) the communication SINR requirement is easier to
be met and more energy remains; 2) the interference power
of the radar increases according to (15). For the proposed,
radar-centric, and MMSE algorithms, the second effect can
be effectively mitigated by properly designing the receive
filter, and thus, the SINR increases with the transmit power.
On the other hand, the receive filter in the communication-
centric algorithm is not optimal. When the transmit power
of the originating device increases, higher interference will
lead to the reduction of the SINR.

Fig. 8 depicts the SINR at the radar receiver versus
the average power limitation. It can be observed that the
SINR increases with the average power limitation in all
algorithms since more energy can be allocated to the radar
and relay for dual function. Moreover, an upper bound for
SINR can be seen since the power of the desired signal
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SINR at the radar receiver, 4" (dB)
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Fig. 8. The SINR at the radar receiver vs. the average power limitation.
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Fig. 9. Normalized beam pattern of the dual-functional transmit signal
when detection direction is 0° and AoAs of channel vector g are —78°,
—67°, —51°, and —38°.

and interference linearly increases with the energy according
to (15). Nevertheless, our proposed algorithm provides the
best performance with the lowest average power limitation
among all algorithms, which further verifies its effectiveness.

The normalized beam patterns of the dual-functional
transmit signal (including both radar and relay) for three
algorithms are shown in Fig. 9 when the detection direction
is 0°. Moreover, we also plot the normalized beam pattern
of the probing pulse of radar, labeled with “radar-only”,
for comparison. It is seen that the main lobes of the four
beam patterns are almost the same. This guarantees that
the dual-functional transmit signal of three algorithms can
be utilized for detecting the target along the detection
direction. Moreover, it can be observed that the side lobes
of four beam patterns are different since the dual-functional
transmit signal also contains the relay communication sig-
nal. Specifically, the dual-functional transmit signal of the
proposed algorithm has a lower side lobe than those of
the radar-centric and communication-centric algorithms. We
should note that the communication QoS constraint is also
satisfied. This verifies that the proposed joint transceiver
design algorithm can achieve a high SINR at the radar
receiver under the communication constraint.

D. Detection Probability

Fig. 10 shows the minimum detection probability among
all directions versus the number of antennas under different
communication requirements for the proposed algorithm
when the probability of false alarm is 107%. We can see

1 ‘.‘)"""C‘ ..... O
0.95
= 09
2 0.85
& o8
£ 0.75
8 07
—e—1° = 11dB
0.65 —&-1° = 15 dB
4¢ =19 dB
06l ‘ ‘ ‘ ‘ ‘ ‘
6 10 14 18 22 2 30 34

Number of the antennas, M

Fig. 10. The minimum detection probability among all directions vs. the
number of antennas.

1 gaevee b

Detection probability
o
o ]
(&

0.7 . .
10 104 102 10°
Probability of false alarm

Fig. 11. The ROC curves under different number of antennas.

that the detection probability increases with the number
of antennas since interference from relay communication
can be effectively reduced with more antennas. Besides,
the detection probability decreases with the communication
requirement since less energy should be allocated to the
radar under a higher SINR requirement. Meanwhile, we
also plot the receiver-operating-characteristic (ROC) curves
under different numbers of antennas, as shown in Fig. 11.
From the figure, the detection probability increases with the
probability of false alarm since it is easier to judge whether
there is a target under a higher probability of false alarm.
Moreover, when the number of antennas is 30, the detection
probability is almost one, which means that the radar signal
can be fully separated from the total received signal.

VI. CONCLUSION

In this paper, we have studied the dual-functional FD
relay aided radar-communication system, where the coex-
isted phased-array radar and relay communication share
antenna array and spectrum. The minimum SINR at the
radar receiver among all detection directions is maximized
under the communication QoS requirement and total energy
limitation. A mathematical problem has been formulated and
further decomposed into the radar-energy and relay-energy
minimization problems for each detection direction. For the
former, we equivalently transformed it into a convex one
and proposed a low-complexity ADMM-based algorithm.
For the latter, by introducing an insightful unitary matrix, we
simplified it into a QP problem and derived the closed-form
expression for the relay beamforming matrix. After that, we
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introduced the overall joint transceiver design algorithm and
discussed its computational complexity and optimality. Fi-
nally, numerical results showed that our proposed algorithm
significantly outperforms the benchmark designs.

For simplicity, we only considered one communication
pair of transmitter and receiver to gain some insightful
results. In the general scenario, there may be multiple
communication pairs of transmitter and receiver. When the
frequency division multiple access (FDMA) method or time
division multiple access (TDMA) method is adopted for the
multi-user scenario, our proposed algorithm can be easily
extended. Besides, when the space division multiple access
(SDMA) method is adopted, the joint transceiver design is
much more complicated, which remains an open problem
for our future work.

APPENDIX A
PROOF OF THEOREM 1

To prove Theorem 1,
lemma.

Lemma 5: The optimal objective value of problem (21)
increases as pj. increases.

Proof: First, we can rewrite constraint (19c) as
Ly°|g" W ih[*~¢ (Lo® ||g# Wi||*+ Lo?)
v lgH a*(01))* + °gH W PLWi'g

It is easy to see that the constraint (19c) becomes tighter
as py, increases. Meanwhile, constraint (19d) is independent
with py. Thus, we can conclude that the feasible set of
problem (21) becomes smaller as pj increases. Moreover,
the objective function value of problem (21) increases with
p;, and the objective function is minimized in problem
(21). Therefore, the optimal objective value of problem (21)
increases with py, which ends the proof. ]

Then, we can prove Theorem 1 as follows. Let
{u;r, p2’+,W$} denote the optimal solution to problem
(19) and O™ represent the corresponding optimal objective
value. Let O* denote the objective value when the solution
is {u},p,*, Wj}. First, we prove that {u},p.”, W}}
is a feasible solution to problem (19) as follows. Since
{uz, p;’*} is the solution to problem (20), constraint (19b)
is satisfied. Meanwhile, W7, is the solution of problem (21)
when p; = p*, which means that {p;~, W*} satisfies
constraints (19¢) and (19d). Therefore, {u},p.*, W} is a
feasible solution to problem (19) and we have O* > O™.

Next, we need to prove O* = O™. Since we minimize Dk
in problem (20) only with constraint (19b), pk is no more
than pk "+ Furthermore, p,C is the tight lower bound of pf,
in problem (19) since constraint (19b) cannot be satisfied
if p}, is lower than p;’*. Meanwhile, we should note that
the optimal value is OF when pj = pj" since problem
(21) is equivalent to problem (19) when pj, is given Thus,
based on Lemma 5, we can conclude that O* < O since
pp* < ppt. Combining with O* > O*, we have O* = O™,
which ends the proof.

we first establish the following

>pr- (39)

APPENDIX B
PROOF OF LEMMA 2

Let u} denote the optimal solution to problem (20). Then,
we can find that auj, is also the optimal solution for any
a € C. Therefore, we can add a constraint into problem (20)

without changing the optimal value, that is, u a(6;) = 1.
After that, constraint (19b) can be rewritten as
L uf'h|” + o® ||ug
uf vt o0 + 2R
Pk
H 2 |akil]|2
= |uy Apllla* (k)| +xpx < ——, VIeL.  (40)

Then, problem (20) is equivalently transformed into problem
(22).

We then prove that problem (22) is convex. It is easy
to find that constraints (22b) and (22c) are convex. For the
objective function (22a), the Hessian matrix is

p°hh" +0%1 ~ phhM g+
2
H=2
Py hhH—i—UgukH Py, HppH uk—i—a ukHuk
2
X Xi
i k al)
For any vector [z z3,1]7 € CIMFTDX1 we have
. z
[ZH ZM-i-J H |:Z* :|
M+1

1/2 2
c H 2
2H(p hh +o I) (szsz—i-luk)
= 3 >0. (42)
Xk
Therefore, the objective function is convex. To sum up,
problem (22) is convex.

APPENDIX C
DETAILS OF PROPOSED ADMM-BASED ALGORITHM

In this appendix, we show the detailed derivation of solv-
ing problems (27) and (28) in the ADMM-based algorithm.

A. Optimal Solution to Problem (27)
The Lagrange function of problem (27) can be defined as

L(Z1,9) =L, (Z1,Zo; Mg, vie )+ (ugla(by)— 1), (43)

where ¢ is the Lagrange multiplier for constraint (22b).
Then, by checking the necessary and sufficient conditions
based on the KKT conditions, the optimal solution can be
expressed as

(0) ((L-1)pI+2E) pz( s -1
9 = . (44)
1(0,) (L~ 01 +2€) " a6y)
up= ((L —1)pI + 2)5) -
(,;%(w ) 9 a (ek)>, 45)
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where C' 2 pchh™ + oI and X}, is the optimal value
satisfying the first-order optimality condition, as

H,x *
- u*Cu
P> O — Xkt + Vi )p) — —rrge = 0. (46)
leL (i)
AN
Note that ((L —1)pI + 20) ((L —1p+ *) I
Xk

o H

((L )+ pﬁ) hh
Xi(L—=1)p+a*+h''h
putation complexity. Then, By performing the bisection

search until equation (46) is satisfied, the optimal solution
to problem (27) can be obtained.

, which can reduce the com-

B. Optimal Solution to Problem (28)

Problem (28) can be decomposed into several subprob-
lems over each time index [ € L, as,

2
Amin = ‘uk - ’ak’l + *)\k’l
{Uk,1,Xk,1} P
P 1 ?
+§ ’ Xk = Xk + —Vi|| » (472)
p
2 all]?
st ‘ukl 9k)‘ R < | ’fy[r] . (47b)

Similar to problem (28), we can obtain the following optimal
solution

~k 1 1 * *
Xig =\ Xk + —Vkg — =9 )
p p

_ Ak
U (o1 + 202400 OE 0o (it 251 | a9)

(48)

where (z)t = max{z,0}, ¥* is the optimal Lagrange
multiplier for constraint (47b), and U [[|Z[[JU [1] is the
singular value decomposition (SVD) of A[l] A [I]. Note
that 3[!] is a diagonal matrix and m-th diagonal element
is ok,m[l]. Moreover, ¢* should satisfy the complementary
slackness condition, as

M 2
(Z (QZ/J*O'kym[l] + 1)71([)’1.14}C + AkJ)HAk; [l]a* (9}0)

m=1
)

By performing the bisection search until equation (50)
is satisfied, the optimal solution to problem (28) can be
obtained.

Iak[]\

Xt — (50)

APPENDIX D
PROOF OF THEOREM 2

First, we rewrite 2y, ,, as the linear combination of Qf g

and a residual vector, denoted by 7y ,,, that is

Zkm = Bk,kaHg + rk,mavma (51)

where rkH)kaH g = 0. Then, problem (32) becomes

min
{ﬁk,m7,’,k,7n}

HQk QH qu Zqukjﬁk,jﬁkz

i=1 j=1

M
+ ch ||hH2 |Bk,1|2 + LO'2 Z |Bk,m|2>

m=1
M
+ Lp® (B i+ Lo® Y [ Ireml [
m=1
M M
+3 > af i Prgy i i, (52a)
i=1 j=1

4 M
S.t. ’}/C <|gH'Uk|2 + L0'2 HQngH Z |ﬁk,m‘2
m=1

4 M M
+ ‘ ‘Qng‘ ‘ > aiiPray;Bi ;B

i=1 j=1

2 c 2 H 4 2
+L0%) < Lpe |11 || @Fg|| 18al2, (52b)
aila(0k)Br.2 + ail1a(6k)Bra = 0, (52¢)
qgga(Hk)rk,z + qﬁla(Qk)rk,l =0. (52d)

By observing this problem, it is easy to find that r, ,,, should
be O when zy ,,, achieves the optimal solution.

APPENDIX E
PROOF OF LEMMA 3
H
a Gk
First of all, we note that 3, 1 = 1 and 0, » = _‘1217()
qy.,a(0r)

for satisfying constraint (35c). Moreover, constraint (35b)
can be rewritten as (54). The equality in (53) holds when the
right-hand side of (54) is greater than zero since 1 is inde-
pendent with 7y, ,,,. We should note that there is no feasible
solution if the right hand of (54) is less than zero. Then, the
objective function (35a) can be represented as (56). Similar
to the above, the equality in (56) also holds. Therefore, min-
imizing E} is equivalent to minimizing the right-hand side
of inequation (56). Furthermore, by analyzing the right-hand
side of inequation (56) we can ﬁnd that it is also identical to

minimizing Lo? Z Mk, m |+ D5, Z Z q;, szQk,g”k 3k i

i=1j5=1
0
with 751 =1 and 75,2 = (I’;{Eak; This completes the
k k

proof.

APPENDIX F
PROOF OF THEOREM 3

The Lagrange function of the problem (35) can be defined
as

M M M
L=L0"> " |meml 0k YD aliPeay i k- (57)

m=1 i=1 j=1
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(v lg™a @) + La?) / (“Qng4>

1| > (53)
’ chllh\l MM 575,-5&1‘ | Bre,m |2
— Z Z Prq, j——— Z
i=1j=1 1Bl
: . 2
(v} " a*61)] +L02) / (HQf’gH )
= 2 , . 54
ch||h” TM M H 2M 2
c _pk:z Z qk,zpqu,]nk:,jnkl Lo E |77k,m|
Y i=1j=1 m=1
5 M M
E; = ||@ig]| 1y ||B| +L022\nka+pkzzqmpqu]nk3nm (55)
=1 j=1
2 Lyp¢[|h||? +L022 |101e,m |+ D}, Z Zq Prqy in} Mk.i
pz |gH(1*(9k;)| +L02 ) kz_lj 1 bt Fd kg (56)
— 2
H Lp¢||h M M
|ai's] TRy 3% 5% alf Pyt a0 35 i
i=1j=1 m=

To achieve the optimal solution, the partial derivative of £
on 7., should equal zero, that is

or M
S = Lo® (nfm)" + P quiPka,j (k)
nk:,m j=1
=0, me{3,---,M}. (58)

Therefore, the optimal solution can be shown in equation
37).

APPENDIX G
PROOF OF LEMMA 4

To find the upper bound of the SINR at the radar
receiver, we consider a special case that all energy is
allocated to the radar and there is no interference. In this
case, the SINR at the radar receiver can be simplified as
v = minmin { (piloall? [ufl a(8)[*) / (o llusl®) }.
To improve the SINR, wuj should be aligned with a(fy).

T

Then, v" = min { p} min |ag[l]|*/o? } = min ZM
’ N TS k o2 [’
where |ag| = 1}11}{1 |ag[1]|- To obtain the upper bound, the
€

energy allocated to the detection direction 6 is E; =

K
u (Z |ak|2)/|ak|2. Therefore, the upper bound
k=1

(£ foul ) 102
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