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D2D Communications Meet Mobile Edge
Computing for Enhanced Computation Capacity in
Cellular Networks

Yinghui He, Jinke Ren, Guanding Yu, and Yunlong Cai

Abstract—Future 5G wireless networks aim to support high-
rate data communications and high-speed mobile computing. To
achieve this goal, the mobile edge computing (MEC) and device-
to-device (D2D) communications have been recently developed,
both of which take advantage of the proximity for better
performance. In this paper, we integrate the D2D communications
with MEC to further improve the computation capacity of the
cellular networks where the task of each device can be offloaded
to an edge node and a nearby D2D device. We aim to maximize
the number of devices supported by the cellular networks with the
constraints of both communication and computation resources.
The optimization problem is formulated as a mixed integer non-
linear problem, which is not easy to solve in general. To tackle it,
we decouple it into two subproblems. The first one minimizes the
required edge computation resource for a given D2D pair while
the second one maximizes the number of supported devices via
optimal D2D pairing. We prove that the optimal solutions to the
two subproblems compose the optimal solution to the original
problem. Then, the optimal algorithm to the original problem
is developed by solving two subproblems and some insightful
results, such as the optimal transmit power allocation and the
task offloading strategy, are also highlighted. Our proposal is
finally tested by extensive numerical simulation results, which
demonstrate that combining D2D communications with MEC can
significantly enhance the computation capacity of the system.

Index Terms—Mobile edge computing, device-to-device com-
munications, computation capacity, task offloading, resource
allocation, cellular networks.

I. INTRODUCTION

Over the past decade, the main goal of wireless communi-
cation networks is to provide high-speed data transmission and
large system capacity. Aiming at this target, several appealing
technologies have been recently developed and widely used
in current wireless networks, such as massive multiple-input
multiple-output (MIMO), device-to-device (D2D) communi-
cations, and full-duplex (FD) transmissions [1]. However, as
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the blooming popularity of computationally intensive mobile
applications, providing high computation capacity has become
another important goal for the next generation wireless net-
works. To meet with such a challenge, mobile edge computing
(MEC) has been developed by the European Telecommunica-
tions Standard Institute (ETSI) to equip high-speed computa-
tion unit at the network edge, e.g., the cellular base station
(BS) [2].

With the cloud computation capacity at the BS, mobile
devices can offload their tasks to the edge cloud for processing,
which is referred to as mobile edge computation offloading
(MECO). The benefits of MECO are two-folds. First, by
offloading computationally intensive tasks, the energy con-
sumption of mobile devices can be significantly saved. Second,
since the tasks can be computed at the adjacent BS instead of
the remote cloud center, the congestion on the core network
can be effectively relieved, leading to the reduction of the end-
to-end latency. Several recent works have investigated various
MECO problems from the perspectives of energy efficiency
improvement [3]-[7], end-to-end latency minimization [8]-
[11], and the tradeoff between the two objectives [12]. From
the task offloading viewpoint, there are mainly two kinds of
task offloading strategies. In the binary offloading [3], [4],
the task can be totally offloaded to the edge cloud or totally
remained for local computing. In the partial offloading [5], [6],
[11], the task can be partially offloaded for edge computing
and partially remained for local processing.

Although the above studies have demonstrated the effec-
tiveness of MECO in improving the computation performance
of wireless networks, the limited computation resource at the
BS is not always adequate to support all mobile devices in
its coverage. To deal with this issue, we are motivated to
offload part of computation tasks to neighbor devices via D2D
communication links. Benefiting from the proximity gain,
reuse gain, and hop gain, D2D communications have been
widely investigated to improve the spectrum efficiency and
energy efficiency of cellular networks [13]-[15].

There have been also several works [16]-[19] that investi-
gated the D2D offloading in the MEC system. By offloading
the task to a nearby mobile device via a D2D link, the
energy efficiency and delay performance of a mobile com-
puting system can be effectively improved [16], [17]. A novel
mobile task offloading framework, namely D2D fogging, has
been developed in [18], where mobile devices can share the
communication and computation resources for higher energy
efficiency. Moreover, the non-causal CPU-state information
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has been exploited to develop the optimal offloading strategy
between a peer-to-peer pair [19].

The aforementioned studies are mainly from the perspec-
tive of energy efficiency maximization or end-to-end delay
minimization. However, they did not focus on maximizing
the computation capacity of the whole system by jointly
performing D2D offloading and MECO. Inspired by this, we
integrate the D2D communication into the MEC system and
propose the D2D-MEC technique to improve the computation
capacity of the system in this paper. Since the wireless
communication system is designed to provide high-quality
service for more devices, we adopt the number of devices
that the system can support under the communication and
computation resource limitations as the evaluation criterion,
which can reflect the computation capacity of the system. We
also study partial offloading model in this paper, where the task
of each device can be partitioned into three parts with one part
for local computing and rest parts for edge offloading and D2D
offloading, respectively. By leveraging the advantages of both
MEC and D2D communications, the computation resources in
both edge cloud and D2D devices can be fully utilized and the
system computation capacity can be effectively improved. The
main contributions of this work are summarized as follows.

e We propose a novel D2D-MEC technique that collab-
orates D2D communications and MEC to improve the
computation capacity of the whole system, i.e., the num-
ber of devices that the system can support. In particular,
we formulate a mixed integer non-linear problem with
the constraints on both communication and computation
resources. By analyzing the intrinsic structure of this
problem, we decompose it into two subproblems, whose
optimal solutions also compose the optimal solution to
the original problem.

o The first subproblem aims to minimize the required edge
computation resource for a given D2D pair. To solve
it, we derive closed-form expressions for the optimal
transmit power allocation and the optimal task offloading
strategy, respectively. Based on this, the computation
gain achieved by D2D offloading is revealed and some
insightful results are highlighted as well.

o The second subproblem maximizes the number of devices
that the system can support based on the solutions to the
first subproblem. A polynomial-complexity algorithm is
developed to solve it and an upper bound and a lower
bound for the optimal value are derived, respectively. By
analyzing some special cases, our proposal can achieve
the D2D gain and the MEC gain as compared to existing
schemes.

The rest of this paper is organized as follows. In Section
I, we introduce the D2D-MEC system and formulate the
optimization problem to maximize the system computation ca-
pacity. In Section III, we decompose the original problem into
two subproblems. The optimal solutions to two subproblems
are developed in Sections IV and V, respectively. Simulation
results are presented in Section VI and the whole paper is
concluded in Section VIIL.

II. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we first introduce the D2D-MEC system,
and then analyze the delay of the proposed computing proce-
dure. Afterwards, we formulate the optimization problem to
maximize the system computation capacity.

A. D2D-MEC System

As depicted in Fig. 1, we consider a D2D-MEC system
which consists of one BS equipped with an edge cloud and
N mobile devices, denoted by the set N' = {1,2,---  N}.
Moreover, we assume that each device has been already
associated with a BS by some user association strategies in
[20]. Each device can not only establish a cellular link with the
BS, but also connect one and only one nearby device through
a D2D link. Each device has a computation task that needs
to be completed under the given delay and transmit power
constraints. By following the model in [6], we utilize a tuple
{Vn, Cy} to characterize the task of device n (n € N), where
V., (in bits) is the size of the task data and C, is the number
of CPU cycles required for computing 1-bit data. Let 7" denote
the maximum delay tolerance of all tasks. We also assume that
the size of computation results is usually small enough so that
the delay for downloading them can be neglected.
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Fig. 1.

The D2D-MEC system.

Let f,, (in CPU cycle/s) denote the computation resource of
device n and F*® denote the overall computation resource at
the edge cloud, which can be allocated to all devices for par-
allel edge computing. There are three computing procedures,

e., local computing, D2D offloading, and edge offloading.
As shown in Fig. 2, we adopt a partial offloading model,
where each device can split its task into three parts with one
part remained for local computing while the other two parts
offloaded to the edge cloud and a neighbor device, respectively.

To facilitate our analysis, we make the following reasonable
assumptions throughout this paper.

o We assume that the BS can acquire the channel state
information (CSI) and the sizes of tasks of all devices
via feedback. Thus, our algorithm works in a centralized
manner, which provides an important reference for other
practical and distributive schemes. With this assumption,
some insightful results can be obtained in this work.
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Nevertheless, the D2D-MEC system with imperfect CSI
deserves further investigation.

o Each device will offload part of its task only if it cannot
be completed on time by local computing.

o To investigate the performance limit of computation ca-
pacity, we assume that devices are willing to assist other
devices after completing their own tasks on time.
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CPU £
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Fig. 2. Computing procedures.

Based on the above analysis, we can classify all devices
into two sets according to their workload and computation
resources.

o The set £ = {1,2,---, K}, which includes those de-

vices that cannot complete their tasks on time by local

computing, i.e.,

k
o The set Z £ {K +1,K +2,---, N}, which includes
those devices that can cocrnplete their tasks on time by
Ve
local computing, i.e., — : ! < T,Vi € I. Let I denote

the size of Z, which satiszﬁes I+ K=N.

As mentioned earlier, each task in the system can be split
into three parts. After classifying, only devices in I need
to split their tasks. As in Fig. 2, we denote V-, V}? as the
computation workload of device k (k € K) for local computing
and D2D offloading, respectively. Therefore, the computation
workload for edge computing is (Vi — Vi- — V/P). Moreover,
to meet the delay constraint for local computing, we have

Jr
From (1), to reduce the required computation resource of the

T
edge cloud, we can set V' = % Vk € K. On the other

Dk = <T, Vkek. (1)

hand, device ¢ (: € Z) computes fts whole task locall%//and

the local computing delay can be expressed as D} = — Ci

satisfying DY < T, Vi € T. T
Since only the device in Z can assist the device in K, the
D2D link can be established between a device in Z and a
device in K. First, we define U}, as the set of the device in
7, which can establish a D2D link with the device k in /.
Correspondingly, let I4; denote the set of the device in K,
which can establish a D2D link with device ¢ in Z. Note that
U; and U, can be determined by the location of devices, e.g.,
we can simply assume that device 7 and device k can establish
a D2D communication link if their distance is within a given
threshold, i.e., R. In addition, the value of R is determined

by specific configuration of each device. It is intuitive that a
larger R would lead to a better system computation capacity
since more devices in Z can be potentially paired by the
devices in K. Then, we define a binary decision variable uy ;
to characterize the connectivity between the devices in set X
and set Z. That is, uy ; equals one when device k establishes
a D2D link with device ¢ and offloads its task via this D2D
link, and zero otherwise.

As for edge offloading, denote f; as the computation
resource that the edge cloud allocates to device k. Then, ff
also represents the indicator for edge offloading, which is
positive if device k offloads its task to the edge cloud and
zero otherwise.

Accordingly, we can utilize mj, to describe whether device
k can complete its task on time, which means device k fails
when 7, = 0, and succeeds when 7w, = 1. However, there is
a special case that has not been considered, where device k
is allocated enough edge computation resource and completes
its task without D2D offloading. Hence, we introduce uy, ¢ to
characterize this special case where u; o = 1 means device k
only utilizes edge offloading and local computing to complete
its task and zero otherwise. Therefore, we can calculate 7, as
Tk = Zieuku{o} Uk i+

From the above definitions, we can summarize the different
meanings with different uy ; and ff. That is, there is at most
one element in the kth row of {uy;} equals one while the
others are all zero. If u, o = 1, f; must be bigger than zero
and the device £ will only offload its task to the edge cloud
without D2D offloading. If uy; = 1,7 > 0, the device k will
offload its task to the device ¢ via a D2D link. In this case,
whether the edge offloading is required depends on whether
fr>0o0r ff =0.If up; = 0,Vi € Uy, U {0}, device k fails
to complete its task on time.

B. Wireless Channel Model

We adopt orthogonal frequency-division multiple access
(OFDMA) method for channel access. Each device in K is
allocated with one sub-channel for the cellular link, and each
D2D link is also allocated with one sub-channel, respectively.
It is reasonable to assume that each device can establish one
cellular link and one D2D link simultaneously according to
[21]. Denote B and Ny as the bandwidth and the noise power
for each sub-channel, respectively. Let hi denote the channel
power gain of cellular link for device k and pg denote the
transmit power for edge offloading. Then the achievable data
rate of each cellular link is given by

Ti(p§)=310g2< | ’“‘ ),VkEIC. 2)

Similarly, let hy ; denote the channel power gain between
device k and device i and p} denote the transmit power for
D2D offloading. Then, the achievable data rate of the D2D
pair (k,7) is given by

2
PR | 4

rRi(pR) = Blog, (H N ),Weuk,we/c. 3)
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Additionally, the total transmit power of device £ is limited
by p"®*, that is pP —&—p% < pp** vk e K.

C. Delay Analysis

As mentioned earlier, the device k (k € K) would offload
V,?-bit data to device 7 (¢« € Z) via the D2D link and
(Ve — V£ — VP)-bit data to the edge cloud via the cellular
link. Therefore, as depicted in Fig. 3(a), there are four kinds
of delays, as

e The delay for D2D transmitting, le) ! =
%
Ziez/{k uk;iTE,i(pllg)'
D VP Cy
o The delay for D2D computing, D = kR
Dicu, %szz ;
V=V =V,
o The delay for edge transmitting, D$' = k= Tk Tk
- i (0f)
: €,C
e The delay for edge computing, D =

(V- Vi - 1P) G

¢

k
Therefore, the overall delay for edge offloading is given by

is completed. Therefore, as shown in Fig. 3(b) and 3(c), the
beginning of D2D computing is determined by the larger one
between the delay for local computing of device ¢ and the
delay for D2D transmission of device k. Therefore, the overall
delay for D2D offloading of device k£ can be expressed as

DP = max (D',}t, Z uk,iDiL> + D Vke K. (5)
1€U

D. Problem Formulation

In this paper, we aim at maximizing the computation
capacity of the considered D2D-MEC system, where each
device in K can split its task into three parts for local com-
puting, D2D offloading and edge offloading, simultaneously.
Specifically, the computation capacity is defined as the number
of supported devices whose tasks can be completed within
the required time limit, i.e., 7. Note that the devices in Z
can complete their tasks by local computing only. Therefore,
we pay our special attention to the devices in K. Based on
the above analysis, the objective function can be modelled
as Zszl T = Zszl > ictufoy Uk,i and the mathematical
problem to maximize the computation capacity of the D2D-
MEC system can be formulated as

¢ =Dy + DS, Vk € K. 4)
- | Dk |
g2e Dot
offloading 5 I Dy l :
D
A
Device k: D2D D b |
offloading D, I D, I |
Local Dy time
computing
Stalrt: 0 Delaly: T

(a) Delays for local computing, D2D offloading, and edge offloading of
device k.

|
Device k: D2D D! P
ofﬂoadingl k I D I :
Device j:  Local of | o | time
computing A
Start: 0 Del'c;y: T

(b) Delays for D2D offloading of device k. Case 1: the delay for D2D
transmission is dominant.

|
1 . D2D D.t D.c
Device k: offlonding | oy | [ bope ] :
Device j: ~ Lecal Dy [ o> |1 time
computing |
Start: 0 Delay: T

(c) Delays for D2D offloading of device k. Case 2: the delay for local
computing is dominant.

Fig. 3. Delay analysis of device k.

Regarding the overall delay for D2D offloading, the delay
for the local computing of device ¢ (¢ € Z) should be counted
since this device can help others only when its own task
is completed. We further assume the data from device k
cannot be processed by device ¢ until the D2D transmission

K
P1l: max Tk, 6a
{V;} ; K (62)
Ph-fr
s.t. T, Max (D;, D?) <T,VkeK, (6b)
Py + PR < PR, Vk e K, (6¢)
0<Vi—ViF—VP VkeKk, (6d)
K
> mfp < F (6¢)
k=1
> uri <1, Vk €K, (6f)
1€U
S upi <1, Vi€, (62)
kelU;
PR [i Ve >0, VE € K, (6h)
uki, Tk € {0,1}, Vi € Uy U {0},
vk € K. (6i)

In the above, constraint (6b) guarantees the time limitation for
edge offloading and D2D offloading, respectively. Constraint
(6¢) bounds the maximum transmit power of each device.
Constraint (6d) guarantees that the size of task offloaded to
the edge cloud is no less than zero. Constraint (6e) is the total
computation resource limitation of the edge cloud. Constraints
(6f) and (6g) guarantee that each device can only establish
one D2D link. The optimization variables in P1 contain the
D2D device pairing indicator (uy ; and 7), the computation
resource allocation at the edge cloud (f7), the power allocation
of each device (p? and p%), and the task split strategy (V}°). It
can be observed that P1 is a mixed integer non-linear problem,
which is hard to solve in general. In the next section, we will
decompose it into two subproblems.
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III. PROBLEM DECOMPOSITION

The main challenge in solving P1 is that both combinational
variables {uy,;, 71 } and continuous variables { 12,00, p%, VkD}
are involved. However, by analyzing the problem, we can
successfully decouple it into two subproblems and then solve
them individually.

Since our goal is to maximize the number of supported
devices in the system, and the main restriction of P1 is the
limited computation resource of the edge cloud, we can first
minimize the required edge computation resource for each
given D2D pair (k,i) by jointly optimizing the task splitting
variable VkD and the power allocation { pl,z, p(k:} Let f,i , denote
the required edge computation resource that guarantees device
k to complete its task on time when it connects device ¢ via a
D2D link. The mathematical formulation for minimizing the
required edge computation resource can be expressed as

PQ : fli,h

min

fi-,i,Pg:
PR VR
s.t. (Vi = VP = V)
-1
1 Ch
-T + <0, (7b)
(ri@%) f)

-1
VkD—T<1+Ck> <0, (70

(7a)

r]k),i(pllg) f
(. D
VZC@—FVka_TSQ (7d)
fi
Ph + 1% < PR (7e)
0<Vi—ViE—-VP, (7f)
plzapgv fl:,m VkD Z O (7g)

In the above, we have transformed constraint (6b) into (7b)
- (7d) to make P2 a convex optimization problem. Note that
this subproblem only contains continuous variables and the
optimal solution will be developed in Section IV.

After obtaining the minimum required edge computation
resource, denoted by f;’;, by solving P2 for each potential
D2D pair, we can now maximize the number of supported
devices by optimizing the D2D pairing. Therefore, the original
problem, i.e., P1, can be reformulated as

K
P3: max Tk, 8a
(Jmax ; i (8a)

K
st Y > wkafyr < F (8b)

k=1i€l,U{0}
(6f) and (6g),
uk,i, T € 10,1}, Vi € Uy, U {0},

Vk € K, (8¢)

where the constraint (6e) is rewritten into (8b) since f; =
_Zi,euku_{o} uklf,:’f It can be easily observe(l' that P3 is an
integer linear programming problem, which will be solved in
Section V.

By analyzing the intrinsic relations between the two sub-

problems and the original problem, we have the following
theorem.

Theorem 1: The optimal solutions to P2 and P3 compose
the optimal solution to P1.

Proof: Please see Appendix A. [ ]

IV. COMPUTATION RESOURCE MINIMIZATION

In this section, we will solve P2, i.e., minimizing the re-
quired edge computation resource for a given D2D pair (k, 7),
and derive the optimal power allocation and data offloading
strategy. Some important insights will be also highlighted.
Finally, a special case where each device processes its task
by local computing and edge offloading will be investigated.

A. The Optimal Solution

Lemma 1: P2 is a convex optimization problem.
Proof: Please see Appendix B. [ ]

According to Lemma 1, we can solve P2 by leveraging the
Lagrangian method. The partial Lagrangian function can be
defined as

-1
1 Cy,
L=f . +pu|lVP-T| = +-=
m i (Tf,i(p'i) fz)

—1
+A (VkV,?VkL)T< Clc + C’“)
T
+w (PR + 1k — P,

9)
where A, u, and w are the Lagrange multipliers associated
with the constraints (7b), (7c), and (7e), respectively. Let

PNy p],z’*,VkD’*} denote the optimal solution to P2.
Then, based on the Karush-Kuhn-Tucker (KKT) conditions,
we can find the optimal solution later. Note that constraints
(7d), (7f), and (7g) will be included in KKT conditions in
Appendix C.

To gain some insights, we shall first define some auxiliary
functions and values as follows.

o The maximal D2D transmit power,

Tf? fi

D,max A : i ? max

R 2 min ; -, , (10
pk,z (pkﬂ (‘/;Ozck Ck; Di ( )
where py ;(2) is the inverse function of rp; (p}). It gives
the limitation on each D2D link’s transmit power and is

jointly determined by constraints (7c), (7d), and (7e).
o The D2D data offloading size function,

-1
s L G
Vi 0°) 2T (W + fk> ., an

which represents the data size via D2D offloading under
the delay constraint when the transmit power of the D2D
link is pP.
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o The transmit power allocation function,

Pk,i (pD)

2
(Vk - VkL - Vk]?i (pD)> drg (pg)

(S wp=—P)” A e
2

(V2 ™)) arp, (4D) ;

- dp?  lpp=pr’ (12)

2
GA)
which represents the difference of the power gain between
D2D offloading and edge offloading and it is a function
of the D2D transmit power, i.e., pP. Besides, we define
@, i(z) as the inverse function of ¢y, ; (pD).
o The total offloading data size,

max A
Vi o=  max

o, me] (r?,i (»°)

+ 5 (PR = pP)) T, (13)

which represents the overall data size via D2D offloading
and edge offloading when the edge computation resource
allocated to device k is infinite.

With the above definitions, we can derive the optimal
solution to P2 with the aid of KKT conditions and simple
mathematical analysis, as presented in the following theorem.

Theorem 2: The optimal solution to P2 can be classified
into three cases, which are summarized as follows.

Case 1: If Vi, < V)2, (pg:flax) + VL, the optimal solution

is given by
(p]zy*’ V]?,*) _ (pglax7 Vi — VkL) ,
PO =0, (14)
fri =0

Case 2: If V)2, (p'z:;na") +VE < Vi < VIS4 VL the
optimal solution is given by

(pg,*’ V,?’*) (min ((I)k,i (0)

D, D, x
7pk7;nax) 7V]?,i (pk' ))

Cor _ ,
JRE el A .
€,% T 1
= - - )
ki FAVe—VE=vPT T 0T

15)

Case 3: If Vk‘"fliaXJrVkL < V4, there is no feasible solution.
Proof: Please see Appendix C. ]
Remark 1: The first case happens when the task data size
is small, ie., V < V,gl- pl,gjimax + V. In such a case, the
task can be completed with only local computing and D2D
offloading without edge computing. Therefore, f,’; = 0, the
device power should be totally allocated for D2D offloading,
and no edge computation resource should be allocated to the
corresponding device. In the second case, the D2D offloading
is not enough. Therefore, the task should be offloaded to both
the D2D device and the edge cloud. Correspondingly, the
transmit power should be properly allocated to them. In this
case, the required edge computation resource can be expressed

e*

ki & | |

atign | Tnvalid
| region

D D,max
Vii (pk,i

L max L
PV VAT,

(a) The general solution to P2.

Invalid
region

Ve

.
-

max L
Veo +Ve

(b) The optimal solution for special case.

Fig. 4. The illustration of the optimal solution to 7P2. The curve line represents
the optimal value for different data sizes and the area filled with oblique lines
represents the feasible region.

)

in a closed-form manner, as presented in (15). The last case

happens when the size of data is too large to be processed
on time even if the overall edge computation resource at the
BS is fully utilized by the device k. Therefore, there is no
feasible solution in this case. In this situation, we will then
delete device ¢ from Uy, delete device k£ from U;, and set
i = 00 before solving P3.

To be more specific, we depict the optimal edge computation
resource allocation with different values of V}, as shown in
Fig. 4(a). Note that the D2D region and the cooperation region
correspond to the case 1 and case 2, respectively.

B. A Special Case

To demonstrate the advantages by combing the D2D com-
munications and MEC, we further investigate a special case
where device k£ can only process its task by local computing
and edge offloading without D2D offloading, i.e., ugo = 1.
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With this consideration, the original problem can be simplified
and the optimal solution to this case can be obtained, as
summarized in the following.

Case 1: If V}, < Vkmax+vk , the optimal solution is given
by

C7 ma;
P = PR
S (16)
ko0 — Yk Vk_vlid TE (pglax) :
Here, V5™ is a special case of V5™, ie., VJ'i™ =

T,r,k ( de).
Case 2: If Vi, > VX wx 4 Vk, there is no feasible solution.!

Correspondingly, Fig. 4(b) depicts the optimal required edge
computation resource, i.e., f;:;, for the two cases. Similarly,
there exists an invalid region when the task data size is too
large.

Based on Theorem 2 and the above results, we can discuss
the advantages benefiting from D2D offloading, which is
elaborated in the following lemma.

Lemma 2: The threshold of invalid region in Fig. 4(a), i.e.,
VX4Vl is no less than the one in Fig. 4(b), i.e., V5> + V.

Proof: Since V7™ is a special case of V" that is given
by maximizing the following function

-1
1 Ck D

B ot +ry (R —p T,
(rz TN ) o™ —#)

A7)

] and ¢y, ;(0) equals to V;§™, we have

o, (P°) =

D,max

where pP € {0 Pk

Vit = omax i (0°) = 6ra(0) = VIEE. (18)
p 6[07 P TLnax]
Hence, V™ + Vi is no less than Vo™ + VE. u

Remark 2: From Lemma 2, the threshold of the invalid
part without D2D offloading is smaller than the one with
D2D offloading. This result indicates that certain computation
capacity gain can be achieved by exploiting the D2D offload-
ing, i.e., more computation tasks can be completed on time,
which demonstrates the advantages of the proposed D2D-MEC
scheme. Note that the D2D communications have already been
demonstrated effectiveness in providing proximity gain, reuse
gain, and hop gain [22]. In this work, we further exploit the
D2D communications to improve the computation capacity of
the mobile edge computing system.

V. COMPUTATION CAPACITY MAXIMIZATION

In the above, we have developed the optimal task offloading
and power allocation strategy to minimize the required edge
computation resource for a given D2D pair. Based on this, we
will further investigate the computation capacity maximization
problem in this section. We will first develop an effective
algorithm to solve P3 and then discuss the upper and lower
bounds for this algorithm.

If there is no feasible solution to P2 in this special case, we will set
ug,0 = 0 and fZB = 0.

A. The Optimal Solution

Note that P3 is still not easy to solve due to the complicated
relationship between 7 and wuy ;. In what follows, we first
transform it into a better tractable form and then develop an
effective solution based on exhaustive search. Recall that the
goal of P3 is to maximize the number of supported devices
under certain constraints on communication and computation
resources. Thus, we assume that there are J (0 < J < K)
devices that can be supported and then test whether the
communication and computation resource constraints can be
fulfilled by solving the following optimization problem

P4: min FJ—Z Z u;”f,“, (19a)
{uk,i} k=1ieU, U{0}
K
st Y Y (19b)
k=1icU,U{0}
Z ug,; <1, Vk € K, (19¢)
ieU,U{0}
Z ug; <1, VieZ, (150
keU;

up; € {0,1}, Vi € Uy, U{0},Vk € K. (19)

Denote F7* as the optimal value of P4. Then, we can test
the feasibility of the solution by comparing F'7* with the total
edge computation resource, i.e., F*. That is, if F* < F}™, the
edge computation resource is adequate so that all J devices can
be supported. Otherwise, this solution is infeasible. Therefore,
we can achieve the optimal solution to P3 by exhaustively
searching J from K to O until the optimal value of P4 with
respect to J is feasible.

To solve P4, we relax the integer variables, uy ;, into
continuous variables, and obtain the following problem

min FJ—Z Z u;”f,“,

{un.} k=1icl,U{0}
S.t. (19b), (19c¢), and (19d),
0 < upi <1, Vi € Uy U{0},Vk € K, (20b)

P5 (20a)

which is a linear programming problem and can be solved by
the Simplex Method [23] or Karmarkar’s algorithm [24].

Although the integer variables are relaxed, we have the
following theorem to show the equivalence between P4 and
P5.

Theorem 3: The optimal solution to P5, denoted by uj, ;.
is either 1 or 0. Therefore, P5 and P4 have the same optimal
solution.

Proof: Please see Appendix D. [ ]

B. Upper and Lower Bounds

Thus far, we have developed an effective algorithm to solve
P3. However, the optimal solution is based on exhaustive
searching from K to 0, which is very time consuming. In
the following, we aim to derive the upper and lower bounds
of the optimal J to narrow the searching space.

Recall that one important restriction for enhancing the
system computation capacity, i.e., the maximum number of
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supported devices, is the limited edge computation resource.
If we assume that the edge computation resource is infinite, the
corresponding resource constraint (8b) can be removed from
‘P3, leading to the new problem as follows

K
P6 : (x| ;wk, (21a)
s.t. Z u; <1, Vk e K, (21b)
1€U
> upi <1, Vied, (2lc)
kelU;
Uk, i, Tk € {0, 1} , Vi €U U {0},
vk € K. 21d)

By solving the above problem, we can derive an upper
bound for J, denoted as J,. We shall note that .J, is not
necessarily equal to K since some devices might not complete
their tasks on time due to their poor channel quality or large
data size, even if the computation resource at the edge cloud
is adequate. The above problem can be easily transformed to
an assignment problem with the cost matrix, as

1 1) (@ 2
B

M=| : oo 22)
1 n e 2
O BIREEINC RS~ R 2,

3 )

(1)

The elements in M are given as: ¢; °, equals 1 if k; = ko

and f* 0 < o0, and oo otherwise, c(l) equals 1 if ¢ € Uy

and fk < o0, and oo otherwise. Therefore, the classical
Hungarlan algorithm [25] can be applied to obtain the optimal
pairs (k,ni;) of M, with a computational complexity of
O (N 3). Then, by only counting the pair whose corresponding
element is less than oo, we can obtain the upper bound.
Regarding the lower bound of J, we can assume
that there is no edge computation resource in P3, i.e.,
S 2icuuioy Ukify; = 0. In this situation, we should

set the elements in M in the following way. c,(cll)’k2 =

00, Vk1, ke € K. c i equalsllfzeuk andf =0, and oo
otherwise. Then, the lower bound for J, denoted by Jj, can
be achieved in a similar way as J,.

C. The Optimal Algorithm and Discussion

Till now, we have optimally solved P1 and also obtained
the upper bound J, and the lower bound J; for the optimal
value. The proposed algorithm first obtain f;’; for each D2D
pair (k,7) and J, and J;. After that, the algonthm utilizes the
bisection method to search the optimal value, J*, from J; to
Ju, as presented in Algorithm 1. In each iteration, feasibility
test should be conducted by solving P4.

Regarding the computation complexity of the algorithm,
the required iteration number in the bisection searching
method can be described by O (In(J, — Ji)). P4 can be
converted to P5 and P5 is then solved by the Karmarkar’s
algorithm with the complexity of O ((KI)**LlnLlnlnL),
where L is the number of input bits [24]. In P2, fi'}
can be solved by the closed-form expressions presented in

Algorithm 1 The optimal algorithm to P1.

1 Obtain K, Z according to devices’ workload and computa-
tion resources.

2 Obtain Uy, U; according to devices’ locations.

3 Initialize f;;,Vi € Uy U{0},Vk € K.

4 Calculate J, by solving P6.

5 Calculate Ji by
21}: 1 Zzeuku{o} ki fy, j =0.

6 Calculate ;" by solving P4 with J = J.
7if F° > Fy # then

8 return J

9 else if F° =0 then

10 return J;.

11 else

12 while J, — J; > 1 do

solving P6 with

13 J=[(Nh+ ) /2]

14 Calculate F7" by solving P4.
15 if FS* > F© then

16 Ju=J.

17 else

18 J=J.

19 end if

20 end while
21 return J;.
22 end if

Theorem 2, whose complexity can be neglected. Therefore,
the computational complexity of the whole algorithm is
O (In(Jy — ) (KI)*5LIn LInln L), which is polynomial.

In the following, we provide some interesting insights of
the proposed algorithm by analyzing some special cases. The
first special case is that no edge computing is allowed and the
task can be jointly computed locally and by a D2D device.
In this case, the computation capacity of the system, i.e.,
the maximum number of supported devices, is exactly J; as
discussed before. Another special case corresponds to that
D2D offloading is not allowed and each task can be jointly
computed locally and by the edge cloud. In this case, the
minimal required edge computation resource for each device
is given by (16). We can further rearrange f,’; in the non-
descend order, i.e., fj(*l),o < fi(z 0SS < f:’(*Kw where T
is a permutation on {1,2,--- | K i Then, we can find out the
maximum J, that satisfies

Js
> fio <
k=1

By this means, J; is the maximum number of supported
devices without the D2D offloading. Apparently, J* > J; and
J* > Ji. We introduce the following two gains related to our
proposed algorithm.

e The D2D gain is defined by J* — Js, which represents
the additional number of supported devices if tasks can be
offloaded to D2D devices as compared to local computing
and edge offloading.

e The MEC gain is defined by J* — J;, which represents
the additional number of supported devices if tasks can

(23)
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be offloaded to the edge cloud as compared to local
computing and D2D offloading.
In the next section, we will present more details on the
D2D gain and MEC gain that can be achieved by the proposed
algorithm through numerical simulation.

VI. SIMULATION RESULTS

In this section, we will present simulation results to verify
the performance enhancement of the proposed D2D-MEC
system. The simulation settings are as follows unless otherwise
stated. The BS has a radius of 300 m and 80 devices are
randomly located in the coverage. Each device can establish
one cellular link with the BS and one D2D link with a nearby
device. The maximum range of each D2D link, ie., R, is
set as 50 m. The channel gains of all links are generated
according to independent and identically distributed (i.i.d.)
Rayleigh random variables with unit variances. The maximum
transmit power is set as 24 dBm for all devices. The delay
tolerance of all tasks is 1 s. The computation resource of each
device, i.e., f,, is uniformly generated from 0.5 x 109 to 2x10°
CPU cycles/s. For the computation task, both the data size and
the required number of CPU cycles per bit follow the uniform
distribution within V,, € [0.1,4] Mbits and C,, € [500, 1500]
CPU cycles/s, respectively. All random variables are indepen-
dent for different devices, modelling heterogeneous mobile
computation resource. The total computation resource of the
edge cloud is set as 40 x 109 CPU cycles/s. Table I summarizes
the major simulation parameters.

TABLE I
SIMULATION PARAMETERS
[ Parameter | Value

Cell radius 300 m
D2D range, R 50 m
Total number of devices, NV 80
Delay tolerance, T' 1s
Sub-channel bandwidth, B 0.5 MHz
Noise spectral density —174 dBm/Hz
Transmit power, py 24 dBm
Corpputatlon resource of the 05,2 x 1 0° CPU cycles/s
device, fn
Data size of task, Vj, [0.1,4] Mbits
Requ%red number of CPU cycles (500, 1500] CPU cycles/bit
per bit, C),
Edge computation resource, I 40 x 10° CPU cycles/s

A. Performance Comparison

We first compare the performance of the proposed D2D-
MEC system with two benchmark systems.

o the MEC system where each task can be collaboratively
processed with only local computing and edge computing
[6]. Note that the number of supported devices in this
system is given by J; as discussed before.

o the D2D system where each task can be collaboratively
processed with only local computing and D2D offloading
[19]. Note that the number of supported devices in this
system is given by J; as discussed before.

By comparing Js and J; with the maximized device number
in our algorithm, i.e., J*, both D2D gain and MEC gain can
be observed.

o]
o

~
o
T

o2}
o
T

N
o

—#—MEC system
—p—D2D system
—A—D2D-MEC system

Number of supported devices
al
o

w
o

N
o

0 50 100 150
Edge computation resource (109 cycles/s)

Fig. 5. The number of supported devices vs. the edge computation
resource.
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Access rate

20% ' ' '
10 25 40 55 70 85 100

Total number of devices in the system

Fig. 6. Access rate vs. the total number of devices in the system.

Fig. 5 depicts the number of supported devices versus the
computation resource of the edge cloud in the three different
systems. First, the numbers of supported devices in both the
MEC system and the D2D-MEC system increase with the edge
computation resource, while the total number of supported
devices in the D2D system keeps invariant since the D2D sys-
tem does not utilize the edge computation resource. Secondly,
the D2D-MEC system always achieves the best performance
among the three systems. When the edge computation resource
is insufficient, the D2D-MEC system can evidently outperform
the MEC system since the D2D-MEC system can fully utilize
computation resources of mobile devices and the edge cloud.
Moreover, the computation capacity of the D2D-MEC system
is larger than the MEC system since the computation resource
of the devices in Z can be used for processing the offloaded
tasks. Finally, the upper bounds of the computation capacities
of the D2D-MEC system and the MEC system are the same,
that is the overall number of devices, i.e., 80. However, the
overall required edge computation resources for the D2D-MEC
system and MEC system to support 80 devices are 113.8 x 10?
CPU cycles/s and 148.4 x 10 CPU cycles/s, respectively. This
result reveals that exploiting D2D communications can signif-
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icantly save the overall required edge computation resource.
From Fig. 5, we can clearly observe the D2D gain and MEC
gain that are achieved by our proposed algorithm.

Fig. 6 shows the access rate, i.e., the proportion of devices
that can be supported versus the total number of devices. It can
be observed that the access rates of both the MEC system and
the D2D-MEC system decrease with the number of devices
due to the limited edge computation resource, while the access
rate of the D2D system will correspondingly increase. The
reason is that, the allocated edge computation resource for
each device in the MEC system and the D2D-MEC system
decreases with the total number of devices, which results
in the smaller proportion of devices that can be supported.
Furthermore, the device computation resource can be fully
utilized as the total number of devices in the D2D system
increases, which eventually improves the access rate. We can
also observe that the access rate of the D2D-MEC system
decreases slower than the MEC system since it utilizes the
device computation resource for capacity enhancement.

=

MEC system, Py"®*=24dBm

o
©
|

—A—MEC system, P;'**=21dBm
—pP—D2D-MEC system, Py'**=24dBm | |
—<—D2D-MEC system, P;"**=21dBm

Average required resource
(109 CPU cycles/s)
=

o
3

o
3

25 40 55 70 85 100
Total number of devices in the system

=
o

Fig. 7. The average required edge computation resource vs. the total
number of devices in the system.
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Fig. 8. The average required edge computation resource vs. the
maximum range of D2D links.

Fig. 7 shows the average required edge computation re-
source for each device versus the total number of devices in
the MEC system and the D2D-MEC system, respectively. It
can be observed that the average required edge computation
resource of the D2D-MEC system decreases with the total

number of devices. The reason can be explained as follows.
With more devices in the system, each device would have
more opportunities to offload data to a nearby device, which
reduces the required computation resource at the edge cloud.
However, the average required edge computation resource
of the MEC system keeps almost unchanged since D2D
offloading is not exploited. Moreover, the D2D-MEC system
always requires less computation resource at the edge cloud
than the MEC system. Besides, with larger transmit power, the
average required edge computation resources in both the MEC
system and the D2D-MEC system become smaller because of
the shorter transmission delay.

Fig. 8 depicts the average required edge computation re-
source for each device versus the maximum range of D2D
links in the MEC system and the D2D-MEC system, respec-
tively. It can be seen that the average required computation
resource of the D2D-MEC system is smaller than that in the
MEC system, especially when the maximum range of D2D
links becomes large. The reason is that, each device has more
potential nearby devices to offload data as the range of D2D
link becomes larger. In this way, the computation resources of
all devices can be further utilized via D2D offloading. From
the figure, we can also observe a reduced required computation
resource with the decreased delay tolerance in both systems.

B. Impact of the System Parameters

Next, we analyze the impact of the system parameters,
i.e., the edge computation resource and the total number of
device, in the D2D-MEC system. For easy discussion, we first
classify the supported devices in the D2D-MEC system into
the following four kinds:

e Local devices, which complete their tasks with local
computing only, i.e., those devices in Z.

e D2D devices, which complete their tasks with local
computing and D2D offloading.

e Edge devices, which complete their tasks with local
computing and edge offloading.

e Cooperation devices, which complete their tasks with
local computing, edge offloading, and D2D offloading.

Fig. 9 illustrates the impact of the edge computation re-
source on the number of devices in each kind. From the figure,
both the numbers of edge devices and cooperation devices
increase with edge computation resource. The reason is that
more devices can complete their tasks with the assistance
of more powerful edge cloud. Hence, the number of overall
supported devices also increases with the edge computing
resource. However, the number of D2D devices decreases with
the edge computation resource because each device is inclined
to offload its task to the more powerful edge cloud rather than
the less powerful nearby device.

Fig. 10 presents the access rate versus the total number
of devices in the system. Due to the limitation on the edge
computation resource, the access rate decreases with the total
number of devices. It is interesting that the access rate of
cooperation devices first increases and then decreases with
the total number of devices. The reason can be explained as
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Fig. 9. The number of supported devices vs. the edge computation
resource of different kinds.

1004 A‘A\A\A\A\A\Aﬂ
—A— i }

80% | All devices
—#—Local devices

D2D devices
—p—Edge devices
—— Cooperation devices

40%‘/*_**H~H—$—‘x

&% - e . -
- i * * L

60%

Access rate

.

* *

ZO%IM
>

0% ‘ ; 1 ‘ T
10 25 40 55 70 85 100
Total number of devices in the system

Fig. 10. Access rate vs. the total number of devices of different kinds.

follows. When the number of devices is small, the edge com-
putation resource is adequate to support almost all devices in
the system, leading to the increasing access rate of cooperation
devices. On the contrary, the access rate decreases with the
total number of devices due to the limitation on the total edge
computation resource when the number of devices becomes
large.

VII. CONCLUSION

This paper proposes a multi-user D2D-MEC system to
improve the computation capacity of the whole system, where
each task can be simultaneously offloaded for both edge
computing and D2D computing. A mixed integer non-linear
problem to maximize the system computation capacity is first
formulated. Then, we decomposed it into two subproblems
and proved that the optimal solutions of them also compose
the optimal one to the original problem. Specifically, the first
subproblem is to minimize the required edge computation
resources for a given D2D pair. By solving it, the optimal
transmit power allocation and data offloading strategy can be
derived in closed-form by leveraging the KKT conditions.
Based on the solution to the first subproblem, the second
subproblem maximizes the computation capacity of the D2D-
MEC system. We then developed an effective algorithm to
achieve the optimal solution to the second subproblem based

on exhaustive searching. Lower and upper bounds of the
optimal value are also derived to narrow the searching space
as well as some interesting insights are revealed. Finally,
numerical simulation results demonstrate that the proposed
algorithm can effectively improve the system computation
capacity as compared with some benchmark systems.

Our initial study in this work have demonstrated the po-
tential of applying D2D communications to further enhance
the computation capacity of a cellular network. To gain more
insightful results, we have made some assumptions on the sys-
tem model. In our future work, we will further develop some
practical techniques to facilitate the implementation of the
proposed D2D-MEC system. First, we have assumed that each
D2D pair is allocated with one orthogonal sub-channel. In the
future, sub-channel reuse can be considered to further improve
the system performance, where joint computation offloading,
resource allocation, and interference management should be
considered. Second, the objective function in P1 may lead to
unfairness among devices. Therefore, we can further develop
some fair resource allocation algorithms based on the max-min
criterion [26]. Third, we may also investigate the incentive
mechanism in the D2D-MEC system, where utility function
and game theoretical techniques can be used to analyze the
actions of devices and the BS. Last but not the least, another
interesting issue is to study the energy efficiency of the D2D-
MEC system, i.e., minimizing the energy consumption under
communication and computation resource limitations.

APPENDIX A
PROOF OF THEOREM 1

With the fact that both P1 and P3 have the same objective
function, we can prove that they have the same optimal
solution by proving that the optimal solution to P1 is feasible
to P3, and vice versa. To prove the optimal solution to P1
(P3) is a feasible solution to P3 (P1), we need to check
whether all the constraints in P3 (P1) can be satisfied by
the optimal solution to P1 (P3). Based on this, we give the
detailed proof as follows.

Let {7‘(‘; Lt ,2’:1} denote the optimal solution to P1
and J*! Zk 7" denote the optimal value. Let i 2

denote the optimal value to P2. Let { *3 uk } denote the

optimal solution to P3 and J** = Zk:l 7rk denote the
optimal value. Since P2 aims to minimize the required edge
computation resource of device k for a given D2D pair (%, 7),

,:’;’2 must be no more than fe’*’l, ie., Z:Q < fe’*’1 Then,

we have

> ¥

k=1ieU,U{0}

ug i foe? <Z Soouptfiet < FL 24

k=11i€l),U{0}

which means that u;;i

*,1
Up'is ™
it is a feasible solution to P3. Hence, J*'! is no more than
J*3 qe., JOL < Jm3,
On the other hand, the optimal value of P2, fe’*’Q,

isfies (6b). The optimal solution to P3, {wzg,uzz} also

satisfies constraint (8b). Besides,

} also satisfies other constraints of P3, therefore,
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satisfies constraints (6f) and (6g). Moreover, since fe”"’2

satisfies constraint (6b) and { 2:2 uzz:’} satisfies con-

straint (8b), { e’: 2 uk Z} also satisfies constraint (6e) with

5= Zzeuku{o} iy fZ: As for remaining constraints
of P1, it is easy to find they are also satisfied. Therefore,

3 %3 2\ ; . .
{uz PO SRR P } is a feasible solution to P1. Hence, J**

is no less than J*3, i.e., J*1 > J*3,
In conclusion, the optimal value of P3 equals the optimal
value of P1, which ends the proof.

APPENDIX B
PROOF OF LEMMA 1

It is obvious that the objective function and the constraints
(7d) - (7g) of P2 are convex. Hence, we focus on the
constraints (7b) and (7c). First, we define a new function as

Ch )\ 7!
f(x’y):_(ln(l+a:)+y> ) (25)

where x,y, Cy,Cy > 0. The Hessian of f(x,y) is
T
_ | 022 0Oz0y
H = 02 f o2 P | (26)
Oyox  Oy?
The leading principal mirrors of H are given by

Ciy? (2C, + C CsIn(1
Ay = 197 ( 22+ 1y + Ca In( +$3))>0, @7
(1+2)" (Cry + C2In(1 + 7))
203 Cyy? In*(1
Dy = Gyt (28)
(14 2)" (Cry + CoIn(1 + x))
From the above analysis, f(z,y) is convex and so are
the constraints (7b) and (7c). Therefore, P2 is a convex
optimization problem. This ends the proof.

APPENDIX C
PROOF OF THEOREM 2

Since P2 is convex and the partial Lagrangian function
has been given by (9), the necessary and sufficient conditions
based on the KKT conditions can be expressed as

2
C,*
on . Cy (€ (7)) {207 e 50,

o ek
Otk ( T4 Cprs (Pg*)f >0, fi; =0,
(29)
oL p* f2T drP (pP)
on" (h+cud, () 0 =l
_ D, *
=0 =0 g
2 07 pk = 0,
2
o o M(ED) T a0
Bpg’* (f/:;k + Ckrg (pg’*))2 dpg pe=py"
— C,*
0oy =0 gy
Z 07 pk = 07

0L
vy H
<0, V" = min (PEGEC Vi - V),
=0, 0< VP < min (TG4 v~ VH) - (32)
D, *
2 0, V]C o= O
1 C -1
x| (Vi - v —vE) - ( ek*> o
Tk (pk I
(33)
M k. -
7“5,1(
A ptwt > 0. (36)

Then, we can discuss the solution based on the value of

€,%
fk,i as follows.

Case 1: If f;j = 0, it means that edge offloading is
not necessary and we can allocate all transmit power
to D2D transmission, i.e., pg’ = P, pi’* = 0, and
V,? ™ = Vj,— V-. Meanwhile, the other constraints should
be satisfied, meaning that this case happens when VkD’*
satisfies

Vot =V -V
-1
. 1 Ck Tfi —ViC;
<mn|T| —=———+ ,—
<Tg,z( max) f7 > Ck
(37)

Since we have defined the maximal D2D transmit power
in (10), and the D2D data offloading size function in (11),
the above condition can be simplified as

Vi <V (™) + V. (38)

Case 2: If f;7; > 0, it means that both edge offloading
and D2D ofﬂoadmg should be utilized. Then, according
to (29) and (31), both \* and w* must be positive. We can
first consider the situation when \* = p*. Then, based
on (30) and (31), we have

;T drg,i (Plz?)
(o, (B

()T a6
( +Cka (p *))2 dp(k:

Meanwhile, since \*, p*, w* > 0, constraints (7b), (7¢),
and (7e) should be equality constraints. Then, (39) can
be rewritten as

D, *
pk_pk

- . (39)

ori (B27) =0, (40)

where ¢y, ; (pD) is the transmit power allocation func-
tion given by (12). Then, we have plz’* = &, (0)
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and V> = VP, (p],i’*), where @, ; (z) is the inverse
function of ¢y ; (p],z). We should note that V,? <
min ((Tfl - ViCy) /Cr, Vi — VkL) according to (32).
Therefore, pg’* < plzlm & and Vk]?i (pl,z’*> < Vi —VE
which is the condition of this situation. However, since
Ok i (p?"‘) =0 and pp* < pp ™™ may not be satisfied
at the same time, it is hard to express the condition and
solution of this situation. Similarly, by analyzing other
situations, i.e., A* > p* and \* < p*, plz’* is given by

22* = min (@M 0), pf;;“a") . (41)
The corresponding condition is
VP (R +VE < Ve < VIR VE, @)

where V" is the total offloading data size in (13) which
gives the upper bound of the task size that edge offloading
and D2D offloading can process.

Case 3: When the task size is beyond the total offloading
data size, ie., Vi > V2% + V,g“, there is no feasible
solution. /

APPENDIX D
PROOF OF THEOREM 3

First of all, P5 can be rewritten as

K
e €, %
Fy = E E Uk,i Sy

PT7: min (43a)
(i} k=1 i€, u{0}
K
st Y up 1 =K—J, (43b)
k=1

> ukituk-1=1, Vk € K,(43¢)

i€UxU{0}

D upituog;=1, Vi€l (434d)
kelU;

up; >0, Vi €U, U{0},Vk € K, (43e)
Uk, —1, U—2,5 >0, VieZ, Vke K. (430

In the above, we define two auxiliary nodes, namely node
—1 and node —2. Let wuy,_;1 characterize the connectivity
between the node —1 and the device k in K. Let u_z; char-
acterize the connectivity between the node —2 and the device
¢ in Z. Then, we can use a bipartite graph G = (U, V, E) to
describe the problem, where U = KU{-2},V =ZU{-1,0},
and F is the set of edges. Let A denote the incidence matrix
of GG and it is a totally unimodular matrix according to Chapter
19.3 in [27]. Meanwhile, P7 can be expressed in the canonical
form, as

min {fTu,|Au — b > o} , (44)
where f is a vector composed by f,’; and 0, w is a vector
composed by uy;, and b is a vector that only contains 1 and
K—J.

Following Theorem 19.1 in [27], the polyhedron
{u]Au = b,u > 0} has only integer vertices. Meanwhile,
according to Theorem 13.3 in [28], all basic feasible points

of this LP problem are vertices of the feasible polytope
{u]Au = b,u >0}, and vice versa. Combining these two
theorems, we can prove that all the basic feasible points of
this LP problem are integer vectors, which further indicates
that the optimal solution is also an integer vector. Since uy ;
belongs to [0, 1], the optimal solution, i.e., uj, ;» must be
either one or zero. Besides, according to Chapter 13.3 in
[28], all iterates of the simplex method are basic feasible
points, which indicates that we can use the simplex method
to guarantee that the optimal solution is an integer vector
even if the optimal solution is not unique.

Let OPT4 and OPTj5 denote the optimal value of P4 and
P5, respectively. Then we have OPT; <OPT4. Meanwhile,
the optimal solution to P5, u};’i, is also a feasible solution to
‘P4. Hence, OPT5 =OPT,. In this way, we have proved that
the optimal value is unchanged even if we relax the integer
variables wuy, ;.
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